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Abstract
In these lecture notes we first assemble the basic ingredients of supersymmetric gauge
theories (particularly N=4 super-Yang-Mills theory), supergravity, and superstring theory.
Brane solutions are surveyed. The geometry and symmetries of anti-de Sitter space are
discussed. The AdS/CFT correspondence of Maldacena and its application to correlation
functions in the the conformal phase of N=4 SYM are explained in considerable detail. A
pedagogical treatment of holographic RG flows is given including a review of the conformal
anomaly in four-dimensional quantum field theory and its calculation from five-dimensional
gravity. Problem sets and exercises await the reader.
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1 Introduction
These lecture notes describe one of the most exciting developments in theoretical physics of
the past decade, namely Maldacena’s bold conjecture concerning the equivalence between
superstring theory on certain ten-dimensional backgrounds involving Anti-de Sitter space-
time and four-dimensional supersymmetric Yang-Mills theories. This AdS/CFT conjecture
was unexpected because it relates a theory of gravity, such as string theory, to a theory
with no gravity at all. Additionally, the conjecture related highly non-perturbative prob-
lems in Yang-Mills theory to questions in classical superstring theory or supergravity. The
promising advantage of the correspondence is that problems that appear to be intractable
on one side may stand a chance of solution on the other side. We describe the initial
conjecture, the development of evidence that it is correct, and some further applications.
The conjecture has given rise to a tremendous number of exciting directions of pursuit
and to a wealth of promising results. In these lecture notes, we shall present a quick
introduction to supersymmetric Yang-Mills theory (in particular of N = 4 theory). Next,
we give a concise description of just enough supergravity and superstring theory to allow
for an accurate description of the conjecture and for discussions of correlation functions and
holographic flows, namely the two topics that constitute the core subject of the lectures.
The notes are based on the loosely coordinated lectures of both authors at the 2001
TASI Summer School. It was decided to combine written versions in order to have a more
complete treatment. The bridge between the two sets of lectures is Section 8 which presents
a self-contained introduction to the subject and a more detailed treatment of some material
from earlier sections.
The AdS/CFT correspondence is a broad principle and the present notes concern one
of several pathways through the subject. An effort has been made to cite a reasonably
complete set of references on the subjects we discuss in detail, but with less coverage of
other aspects and of background material.
Serious readers will take the problem sets and exercises seriously!
1.1 Statement of the Maldacena conjecture
The Anti-de Sitter/Conformal Field Theory (AdS/CFT) correspondence, as originally con-
jectured by Maldacena, advances a remarkable equivalence between two seemingly unre-
lated theories. On one side (the AdS-side) of the correspondence, we have 10-dimensional
Type IIB string theory on the product space AdS5 × S5, where the Type IIB 5-form
flux through S5 is an integer N and the equal radii L of AdS5 and S
5 are given by
L4 = 4πgsNα
′2, where gs is the string coupling. On the other side (the SYM-side) of
the correspondence, we have 4-dimensional super-Yang-Mills (SYM) theory with maximal
N = 4 supersymmetry, gauge group SU(N), Yang-Mills coupling g2YM = gs in the con-
formal phase. The AdS/CFT conjecture states that these two theories, including operator
observables, states, correlation functions and full dynamics, are equivalent to one another
5
[1, 2, 3]. Indications of the equivalence had appeared in earlier work, [4, 5, 6]. For a general
review of the subject, see [7].
In the strongest form of the conjecture, the correspondence is to hold for all values of
N and all regimes of coupling gs = g
2
YM . Certain limits of the conjecture are, however,
also highly non-trivial. The ‘t Hooft limit on the SYM-side [8], in which λ ≡ g2YMN is
fixed as N →∞ corresponds to classical string theory on AdS5 × S5 (no string loops) on
the AdS-side. In this sense, classical string theory on AdS5 × S5 provides with a classical
Lagrangian formulation of the large N dynamics of N = 4 SYM theory, often referred
to as the masterfield equations. A further limit λ → ∞ reduces classical string theory to
classical Type IIB supergravity on AdS5 × S5. Thus, strong coupling dynamics in SYM
theory (at least in the large N limit) is mapped onto classical low energy dynamics in
supergravity and string theory, a problem that offers a reasonable chance for solution.
The conjecture is remarkable because its correspondence is between a 10-dimensional
theory of gravity and a 4-dimensional theory without gravity at all, in fact, with spin
≤ 1 particles only. The fact that all the 10-dimensional dynamical degrees of freedom can
somehow be encoded in a 4-dimensional theory living at the boundary of AdS5 suggests
that the gravity bulk dynamics results from a holographic image generated by the dynamics
of the boundary theory [9], see also [10]. Therefore, the correspondence is also often referred
to as holographic.
1.2 Applications of the conjecture
The original correspondence is between a N = 4 SYM theory in its conformal phase and
string theory on AdS5 × S5. The power of the correspondence is further evidenced by the
fact that the conjecture may be adapted to situations without conformal invariance and
with less or no supersymmetry on the SYM side. The AdS5×S5 space-time is then replaced
by other manifold or orbifold solutions to Type IIB theory, whose study is usually more
involved than was the case for AdS5 × S5 but still reveals useful information on SYM
theory.
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2 Supersymmetry and Gauge Theories
We begin by reviewing the particle and field contents and invariant Lagrangians in 4
dimensions, in preparation for a fuller discussion of N = 4 super-Yang-Mills (SYM) theory
in the next section. Standard references include [11, 12, 13]; our conventions are those of
[11].
2.1 Supersymmetry algebra in 3+1 dimensions
Poincare´ symmetry of flat space-time R4 with metric ηµν = diag(−+++), µ, ν = 0, 1, 2, 3,
is generated by the translations R4 and Lorentz transformations SO(1, 3), with generators
Pµ and Lµν respectively. The complexified Lorentz algebra is isomorphic to the complexified
algebra of SU(2) × SU(2), and its finite-dimensional representations are usually labeled
by two positive (or zero) half integers (s+, s−), s± ∈ Z/2. Scalar, 4-vector, and rank
2 symmetric tensors transform under (0, 0), (1
2
, 1
2
) and (1, 1) respectively, while left and
right chirality fermions and self-dual and anti–self-dual rank 2 tensors transform under
(1
2
, 0) and (0, 1
2
) and (1, 0) and (0, 1) respectively.
Supersymmetry (susy) enlarges the Poincare´ algebra by including spinor supercharges,
a = 1, · · · ,N

Qaα α = 1, 2 left Weyl spinor
Q¯α˙a = (Q
a
α)
† right Weyl spinor
(2.1)
Here, N is the number of independent supersymmetries of the algebra. Two-component
spinor notation, α = 1, 2, is related to 4-component Dirac spinor notation by
γµ =
(
0 σµ
σ¯µ 0
)
Qa =
(
Qaα
Q¯α˙a
)
(2.2)
The supercharges transform as Weyl spinors of SO(1, 3) and commute with translations.
The remaining susy structure relations are
{Qaα, Q¯β˙b} = 2σµαβ˙Pµδab {Qaα, Qbβ} = 2ǫαβZab (2.3)
By construction, the generators Zab are anti-symmetric in the indices I and J , and com-
mute with all generators of the supersymmetry algebra. For the last reason, the Zab are
usually referred to as central charges, and we have
Zab = −Zba [Zab, anything] = 0 (2.4)
Note that for N = 1, the anti-symmetry of Z implies that Z = 0.
The supersymmetry algebra is invariant under a global phase rotation of all super-
charges Qaα, forming a group U(1)R. In addition, when N > 1, the different supercharges
may be rotated into one another under the unitary group SU(N )R. These (automorphism)
symmetries of the supersymmetry algebra are called R-symmetries. In quantum field the-
ories, part or all of these R-symmetries may be broken by anomaly effects.
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2.2 Massless Particle Representations
To study massless representations, we choose a Lorentz frame in which the momentum
takes the form P µ = (E, 0, 0, E), E > 0. The susy algebra relation (2.3) then reduces to
{Qaα, (Qbβ)†} = 2(σµPµ)αβ˙δab =
(
4E 0
0 0
)
αβ˙
δab (2.5)
We consider only unitary particle representations, in which the operators Qaα act in a
positive definite Hilbert space. The relation for α = β˙ = 2 and a = b implies
{Qa2, (Qa2)†} = 0 =⇒ Qa2 = 0, Zab = 0 (2.6)
The relation Qa2 = 0 follows because the left hand side of (2.6) implies that the norm of
Qa2|ψ〉 vanishes for any state |ψ〉 in the Hilbert space. The relation Zab = 0 then follows
from (2.3) for α = 2 and β˙ = 1. The remaining supercharge operators are
• Qa1 which lowers helicity by 1/2;
• Q¯a
1˙
= (Qa1)
† which raises helicity by 1/2.
Together, Qa1 and (Q
a
1)
†, with a = 1, · · · ,N form a representation of dimension 2N of the
Clifford algebra associated with the Lie algebra SO(2N ). All the states in the representa-
tion may be obtained by starting from the highest helicity state |h〉 and applying products
of Qa1 operators for all possible values of a.
We shall only be interested in CPT invariant theories, such as quantum field theories
and string theories, for which the particle spectrum must be symmetric under a sign
change in helicity. If the particle spectrum obtained as a Clifford representation in the
above fashion is not already CPT self-conjugate, then we shall take instead the direct sum
with its CPT conjugate. For helicity ≤ 1, the spectra are listed in table 1. The N = 3 and
N = 4 particle spectra then coincide, and their quantum field theories are identical.
Helicity N = 1 N = 1 N = 2 N = 2 N = 3 N = 4
≤ 1 gauge chiral gauge hyper gauge gauge
1 1 0 1 0 1 1
1/2 1 1 2 2 3+1 4
0 0 1+1 1+1 4 3+3 6
−1/2 1 1 2 2 1+3 4
−1 1 0 1 0 1 1
Total # 2× 2 2× 2 2× 4 8 2× 8 16
Table 1: Numbers of Massless States as a function of N and helicity
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2.3 Massive Particle Representations
For massive particle representations, we choose the rest frame with P µ = (M, 0, 0, 0), so
that the first set of susy algebra structure relations takes the form
{Qaα, (Qbβ)†} = 2Mδβαδab (2.7)
To deal with the full susy algebra, it is convenient to make use of the SU(N )R symmetry
to diagonalize in blocks of 2× 2 the anti-symmetric matrix Zab = −Zba. To do so, we split
the label a into two labels : a = (aˆ, a¯) where aˆ = 1, 2 and a¯ = 1, · · · , r, where N = 2r for
N even (and we append a further single label when N is odd). We then have
Z = diag(ǫZ1, · · · , ǫZr,#) ǫ12 = −ǫ21 = 1 (2.8)
where # equals 0 for N = 2r + 1 and # is absent for N = 2r. The Za¯, a¯ = 1, · · · , r are
real central charges. In terms of linear combinations Qa¯α± ≡ 12(Q1a¯α ± σ0αβ˙(Q2a¯β )†), the only
non-vanishing susy structure relation left is (the ± signs below are correlated)
{Qa¯α±, (Qb¯β±)†} = δa¯b¯ δβα(M ± Za¯) (2.9)
In any unitary particle representation, the operator on the left hand side of (2.9) must be
positive, and thus we obtain the famous BPS bound (for Bogomolnyi-Prasad-Sommerfield,
[14]) giving a lower bound on the mass in terms of the central charges,
M ≥ |Za¯| a¯ = 1, · · · , r = [N /2] (2.10)
Whenever one of the values |Za¯| equals M , the BPS bound is (partially) saturated and
either the supercharge Qa¯α+ or Qa¯α− must vanish. The supersymmetry representation then
suffers multiplet shortening, and is usually referred to as BPS. More precisely, if we have
M = |Za¯| for a¯ = 1, · · · , ro, andM > |Za¯| for all other values of a¯, the susy algebra is effec-
tively a Clifford algebra associated with SO(4N − 4ro), the corresponding representation
is said to be 1/2ro BPS, and has dimension 22N−2ro.
Spin N = 1 N = 1 N = 2 N = 2 N = 2 N = 4
≤ 1 gauge chiral gauge BPS gauge BPS hyper BPS gauge
1 1 0 1 1 0 1
1/2 2 1 4 2 2 4
0 1 2 5 1 4 5
Total # 8 4 16 8 8 16
Table 2: Numbers of Massive States as a function of N and spin
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2.4 Field Contents and Lagrangians
The analysis of the preceding two subsections has revealed that the supersymmetry particle
representations for 1 ≤ N ≤ 4, with spin less or equal to 1, simply consist of customary
spin 1 vector particles, spin 1/2 fermions and spin 0 scalars. Correspondingly, the fields
in supersymmetric theories with spin less or equal to 1 are customary spin 1 gauge fields,
spin 1/2 Weyl fermion fields and spin 0 scalar fields, but these fields are restricted to enter
in multiplets of the relevant supersymmetry algebras.
Let G denote the gauge algebra, associated with a compact Lie group G. For any
1 ≤ N ≤ 4, we have a gauge multiplet, which transforms under the adjoint representation
of G. For N = 4, this is the only possible multiplet. For N = 1 and N = 2, we also
have matter multiplets : for N = 1, this is the chiral multiplet, and for N = 2 this is the
hypermultiplet, both of which may transform under an arbitrary unitary, representation
R of G. Component fields consist of the customary gauge field Aµ, left Weyl fermions ψα
and λα and scalar fields φ, H and X.
• N = 1 Gauge Multiplet (Aµ λα), where λα is the gaugino Majorana fermion;
• N = 1 Chiral Multiplet (ψα φ), where ψα is a left Weyl fermion and φ a complex
scalar, in the representation R of G.
• N = 2 Gauge Multiplet (Aµ λα± φ), where λα± are left Weyl fermions, and φ is the
complex gauge scalar. Under SU(2)R symmetry, Aµ and φ are singlets, while λ+ and
λ− transform as a doublet.
• N = 2 Hypermultiplet (ψα± H±), where ψα± are left Weyl fermions and H± are
two complex scalars, transforming under the representation R of G. Under SU(2)R
symmetry, ψ± are singlets, while H+ and H− transform as a doublet.
• N = 4 Gauge Multiplet (Aµ λaα X i), where λaα, a = 1, · · · , 4 are left Weyl fermions
and X i, i = 1, · · · , 6 are real scalars. Under SU(4)R symmetry, Aµ is a singlet, λaα is
a 4 and the scalars X i are a rank 2 anti-symmetric 6.
Lagrangians invariant under supersymmetry are customary Lagrangians of gauge, spin
1/2 fermion and scalar fields, (arranged in multiplets of the supersymmetry algebra) with
certain special relations amongst the coupling constants and masses. We shall restrict at-
tention to local Lagrangians in which each term has a total of no more than two derivatives
on all boson fields and no more than one derivative on all fermion fields. All renormalizable
Lagrangians are of this form, but all low energy effective Lagrangians are also of this type.
The case of the N = 1 gauge multiplet (Aµ λα) by itself is particularly simple. We
proceed by writing down all possible gauge invariant polynomial terms of dimension 4
using minimal gauge coupling,
L = − 1
2g2
trFµνF
µν +
θI
8π2
trFµνF˜
µν − i
2
trλ¯σ¯µDµλ (2.11)
10
where g is the gauge coupling, θI is the instanton angle, the field strength is Fµν = ∂µAν −
∂νAµ + i[Aµ, Aν ], F˜µν =
1
2
ǫµνρσF
ρσ is the Poincare´ dual of F , and Dµ = ∂µλ + i[Aµ, λ].
Remarkably, L is automatically invariant under theN = 1 supersymmetry transformations
δξAµ = iξ¯σ¯µλ− iλ¯σ¯µξ
δξλ = σ
µνFµνξ (2.12)
where ξ is a spin 1/2 valued infinitesimal supersymmetry parameter. Note that the addition
in (2.11) of a Majorana mass term mλλ would spoil supersymmetry.
As soon as scalar fields are to be included, such as is the case for any other multiplet,
it is no longer so easy to guess supersymmetry invariant Lagrangians and one is led to
the use of superfields. Superfields assemble all component fields of a given supermultiplet
(together with auxiliary fields) into a supersymmetry multiplet field on which supersymme-
try transformations act linearly. Superfield methods provide a powerful tool for producing
supersymmetric field equations for any degree of supersymmetry. For N = 1 there is a
standard off-shell superfield formulation as well (see [11, 12, 13] for standard treatments).
Considerably more involved off-shell superfield formulations are also available for N = 2
in terms of harmonic and analytic superspace [15], see also the review of [16]. For N = 4
supersymmetry, no off-shell formulation is known at present; one is thus forced to work
either in components or in the N = 1 or N = 2 superfield formulations. A survey of
theories with extended supersymmetry may be found in [23].
2.5 The N=1 Superfield Formulation
The construction of field multiplets containing all fields that transform linearly into one
another under supersymmetry requires the introduction of anti-commuting spin 1/2 coor-
dinates. For N = 1 supersymmetry, we introduce a (constant) left Weyl spinor coordinate
θα and its complex conjugate θ¯
α˙ = (θα)
†, satisfying [xµ, θα] = {θα, θβ} = {θα, θ¯β˙} =
{θ¯α˙, θ¯β˙} = 0. Superderivatives are defined by
Dα ≡ ∂
∂θα
+ iσµαα˙θ¯
α˙∂µ D¯α˙ ≡ − ∂
∂θ¯α˙
− iθασµαα˙∂µ (2.13)
where differentiation and integration of θ coordinates are defined by
∂
∂θα
(1, θβ, θ¯β˙) ≡
∫
dθα(1, θβ, θ¯β˙) ≡ (0, δαβ, 0) (2.14)
For general notations and conventions for spinors and their contractions, see [11].
A general superfield is defined as a general function of the superspace coordinates
xµ, θα, θ¯
α˙. Since the square of each θα or of each θ¯α˙ vanishes, superfields admit finite
Taylor expansions in powers of θ and θ¯. A general superfield S(x, θ, θ¯) yields the following
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component expansion
S(x, θ, θ¯) = φ(x) + θψ(x) + θ¯χ¯(x) + θ¯σ¯µθAµ(x) + θθf(x) + θ¯θ¯g
∗(x)
+iθθθ¯λ¯(x)− iθ¯θ¯θρ(x) + 1
2
θθθ¯θ¯D(x) (2.15)
A bosonic superfield obeys [S, θα] = [S, θ¯α˙] = 0, while a fermionic superfield obeys
{S, θα} = {S, θ¯α˙} = 0. If S is bosonic (resp. fermionic), the component fields φ, Aµ, f , g
and D are bosonic (resp. fermionic) as well, while the fields ψ, χ, λ and ρ are fermionic
(resp. bosonic). The superfields belong to a Z2 graded algebra of functions on superspace,
with the even grading for bosonic odd grading for fermionic fields. We shall denote the
grading by g(S), or sometimes just S. Superderivatives on superfields satisfy the following
graded differentiation rule
Dα(S1S2) = (DαS1)S2 + (−)g(S1)g(S2)S1(DαS2) (2.16)
where g(Si) is the grading of the field Si.
On superfields, supersymmetry transformations are realized in a linear way via super-
differential operators. The infinitesimal supersymmetry parameter is still a constant left
Weyl spinor ξ, as in (2.12) and we have
δξS = (ξQ+ ξ¯Q¯)S (2.17)
with the supercharges defined by
Qα =
∂
∂θα
− iσµαα˙θ¯α˙∂µ Q¯α˙ = −
∂
∂θ¯α˙
+ iθασµαα˙∂µ (2.18)
The super-differential operators Dα and Qα differ only by a sign change. They generate
left and right actions of supersymmetry respectively. Their relevant structure relations are
{Qα, Q¯β˙} = 2σµαβ˙Pµ {Dα, D¯β˙} = −2σ
µ
αβ˙
Pµ (2.19)
where Pµ = i∂µ. Since left and right actions mutually commute, all components of D
anti-commute with all components of Q : {Qα, Dβ} = {Qα, D¯β˙} = 0. Furthermore, the
product of any three D’s or any three Q’s vanishes, DαDβDγ = QαQβQγ = 0. The general
superfield is reducible; the irreducible components are as follows.
(a) The Chiral Superfield Φ is obtained by imposing the condition
D¯α˙Φ = 0 (2.20)
This condition is invariant under the supersymmetry transformations of (2.17) since D
and Q anti-commute. Equation (2.20) may be solved in terms of the composite coordinates
xµ± = xµ ± iθσµθ¯ which satisfy D¯α˙xµ+ = 0 and Dαxµ− = 0. We have
Φ(x, θ, θ¯) = φ(x+) +
√
2θψ(x+) + θθF (x+) (2.21)
The component fields φ and ψ are the scalar and left Weyl spinor fields of the chiral
multiplet respectively, as discussed previously. The field equation for F is a non-dynamical
or auxiliary field of the chiral multiplet.
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(b) The Vector Superfield is obtained by imposing on a general superfield of the type (2.15)
the condition
V = V † (2.22)
thereby setting χ = ψ, g = f and ρ = λ and requiring φ, Aµ and D to be real.
(c) The Gauge Superfield is a special case of a vector superfield, where V takes values in the
gauge algebra G. The reality condition V = V † is preserved by the gauge transformation
eV −→ eV ′ = e−iΛ†eV eiΛ . (2.23)
where Λ is a chiral superfield taking values also in G. Under the above gauge transformation
law, the component fields φ, ψ = χ, and f = g of a general real superfield may be gauged
away in an algebraic way. The gauge in which this is achieved is the Wess-Zumino gauge,
where the gauge superfield is given by
V (x, θ, θ¯) = θ¯σ¯µθAµ(x) + iθθθ¯λ¯(x)− iθ¯θ¯θλ(x) + 1
2
θθθ¯θ¯D(x) (2.24)
The component fields Aµ and λ are the gauge and gaugino fields of the gauge multiplet
respectively, as discussed previously. The field D has not appeared previously and is an
auxiliary field, just as F was an auxiliary field for the chiral multiplet.
2.6 General N=1 Susy Lagrangians via Superfields
Working out the supersymmetry transformation (2.17) on chiral and vector superfields in
terms of components, we see that the only contribution to the auxiliary fields is from the
θ∂ term of Q and thus takes the form of a total derivative. However, because the form
(2.24) was restricted to Wess-Zumino gauge, F and D transform by a total derivative only
if F and D are themselves gauge singlets, in which case we have
δξF = i
√
2∂µ(ξ¯σ¯
µψ)
δξD = ∂µ(iξ¯σ¯
µλ− iλ¯σ¯µξ) (2.25)
These transformation properties guarantee that the F and D auxiliary fields yield super-
symmetric invariant Lagrangian terms,
F− terms LF = F =
∫
d2θ Φ
D− terms LD = 1
2
D =
∫
d4θ V (2.26)
The F and D terms used to construct invariants need not be elementary fields, and may
be gauge invariant composites of elementary fields instead. Allowing for this possibility,
we may now derive the most general possible N = 1 invariant Lagrangian in terms of
superfields. To do so, we need the following ingredients LU , LG and LK . Putting together
contributions from these terms, we have the most general N = 1 supersymmetric La-
grangian with the restrictions of above.
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(1) Any complex analytic function U depending only on left chiral superfields Φi (but
not on their complex conjugates) is itself a left chiral superfield, since D¯α˙Φ
i = 0 implies
that D¯α˙U(Φ
i) = 0. Thus, for any complex analytic function U , called the superpotential,
we may construct an invariant contribution to the Lagrangian by forming an F -term
LU =
∫
d2θ U(Φi) +
∫
d2θ¯U(Φi) =
∑
i
F i
∂U
∂φi
− 1
2
∑
i,j
ψiψj
∂2U
∂φi∂φj
+ cc (2.27)
(2) The gauge field strength is a fermionic left chiral spinor superfield Wα, which is
constructed out of the gauge superfield V by
4Wα = −D¯D¯(e−VDαe+V ) (2.28)
The gauge field strength may be used as a chiral superfield along with elementary (scalar)
chiral superfields to build up N = 1 supersymmetric Lagrangians via F -terms. In view
of our restriction to Lagrangians with no more than two derivatives on Bose fields, W
can enter at most quadratically. Thus, the most general gauge kinetic and self-interaction
term is from the F -term of the gauge field strength Wα and the elementary (scalar) chiral
superfields Φi as follows,
LG =
∫
d2θ τcc′(Φ
i)W cW c
′
+ complex conjugate (2.29)
Here, c and c′ stand for the gauge index running over the adjoint representation of G, and
are contracted in a gauge invariant way. The functions τcc′(Φ
i) are complex analytic.
(3) The left and right chiral superfields Φi and (Φi)†, as well as the gauge superfield
V , may be combined into a gauge invariant vector superfield K(eVΦi, (Φi)†), provided the
gauge algebra is realized linearly on the fields Φi. The function K is called the Ka¨hler
potential. Assuming that the gauge transformations Λ act on V by (2.23), the chiral
superfields Φ transform as Φ −→ Φ′ = e−iΛΦ, so that eVΦ transforms as Φ. An invariant
Lagrangian may be constructed via a D-term,
LK =
∫
d4θK(eVΦi, (Φi)†) (2.30)
Upon expanding LK in components, one sees immediately that the leading terms already
generates an action with two derivatives on boson fields. As a result, K must be a function
only of the superfields Φi and (Φi)† and V , but not of their derivatives.
2.7 N =1 non-renormalization theorems
Non-renormalization theorems provide very strong results on the structure of the effec-
tive action at low energy as a function of the bare action. Until recently, their validity
was restricted to perturbation theory and the proof of the theorems was based on su-
pergraph methods [17]. Now, however, non-renormalization theorems have been extended
to the non-perturbative regime, including the effects of instantons [18]. The assumptions
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underlying the theorems are that (1) a supersymmetric renormalization is carried out, (2)
the effective action is constructed by Wilsonian renormalization (see [19] for a review).
The last assumption allows one to circumvent any possible singularities resulting from the
integration over massless states.
The non-renormalization theorems state that the superpotential LU is unrenormalized,
or more precisely that it receives no quantum corrections, infinite or finite. Furthermore,
the gauge field term LG is renormalized only through the gauge coupling τcc′, such that
its complex analytic dependence on the chiral superfields is preserved. In perturbation
theory, τcc′ receives quantum contributions only through 1-loop graphs, essentially because
the U(1)R axial anomaly is a 1-loop effect in view of the Adler-Bardeen theorem. Non-
perturbatively, instanton corrections also enter, but in a very restricted way. The special
renormalization properties of these two F -terms are closely related to their holomorphicity
[18]. The Ka¨hler potential term LK on the other hand does receive renormalizations both
at the perturbative and non-perturbative levels.
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3 N =4 Super Yang-Mills
The Lagrangian for the N = 4 super-Yang Mills theory is unique and given by [20]
L = tr
{
− 1
2g2
FµνF
µν +
θI
8π2
FµνF˜
µν −∑
a
iλ¯aσ¯µDµλa −
∑
i
DµX
iDµX i
+
∑
a,b,i
gCabi λa[X
i, λb] +
∑
a,b,i
gC¯iabλ¯
a[X i, λ¯b] +
g2
2
∑
i,j
[X i, Xj]2
}
(3.1)
The constants Cabi and Ciab are related to the Clifford Dirac matrices for SO(6)R ∼ SU(4)R.
This is evident when considering N = 4 SYM in D = 4 as the dimensional reduction on T 6
of D = 10 super-Yang-Mills theory (see problem set 4.1). By construction, the Lagrangian
is invariant under N = 4 Poincare´ supersymmetry, whose transformation laws are given
by
δX i = [Qaα, X
i] = Ciabλαb
δλb = {Qaα, λβb} = F+µν(σµν)αβδab + [X i, Xj]ǫαβ(Cij)ab
δλ¯b
β˙
= {Qaα, λ¯bβ˙} = Cabi σ¯µαβ˙DµX i
δAµ = [Q
a
α, Aµ] = (σµ)α
β˙λ¯a
β˙
(3.2)
The constants (Cij)
a
b are related to bilinears in Clifford Dirac matrices of SO(6)R.
Classically, L is scale invariant. This may be seen by assigning the standard mass-
dimensions to the fields and couplings
[Aµ] = [X
i] = 1 [λa] =
3
2
[g] = [θI ] = 0 (3.3)
All terms in the Lagrangian are of dimension 4, from which scale invariance follows. Ac-
tually, in a relativistic field theory, scale invariance and Poincare´ invariance combine into
a larger conformal symmetry, forming the group SO(2, 4) ∼ SU(2, 2). Furthermore, the
combination of N = 4 Poincare´ supersymmetry and conformal invariance produces an
even larger superconformal symmetry given by the supergroup SU(2, 2|4).
Remarkably, upon perturbative quantization, N = 4 SYM theory exhibits no ultravi-
olet divergences in the correlation functions of its canonical fields. Instanton corrections
also lead to finite contributions and is believed that the theory is UV finite. As a result, the
renormalization group β-function of the theory vanishes identically (since no dependence
on any renormalization scale is introduced during the renormalization process). The theory
is exactly scale invariant at the quantum level, and the superconformal group SU(2, 2|4)
is a fully quantum mechanical symmetry.
TheMontonen-Olive or S-duality conjecture in addition posits a discrete global symme-
try of the theory [21]. To state this invariance, it is standard to combine the real coupling
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g and the real instanton angle θI into a single complex coupling
τ ≡ θI
2π
+
4πi
g2
(3.4)
The quantum theory is invariant under θI → θI + 2π, or τ → τ + 1. The Montonen-Olive
conjecture states that the quantum theory is also invariant under the τ → −1/τ . The
combination of both symmetries yields the S-duality group SL(2,Z), generated by
τ → aτ + b
cτ + d
ad− bc = 1, a, b, c, d ∈ Z (3.5)
Note that when θI = 0, the S-duality transformation amounts to g → 1/g, thereby ex-
changing strong and weak coupling.
3.1 Dynamical Phases
To analyze the dynamical behavior of N = 4 theory, we look at the potential energy term,
−g2∑
i,j
∫
tr[X i, Xj]2
In view of the positive definite behavior of the Cartan - Killing form on the compact
gauge algebra G, each term in the sum is positive or zero. When the full potential is zero,
a minimum is thus automatically attained corresponding to a N = 4 supersymmetric
ground state. In turn, any N = 4 supersymmetric ground state is of this form,
[X i, Xj] = 0, i, j = 1, · · · , 6 (3.6)
There are two classes of solutions to this equation,
• The superconformal phase, for which 〈X i〉 = 0 for all i = 1, · · · , 6. The gauge algebra
G is unbroken. The superconformal symmetry SU(2, 2|4) is also unbroken. The phys-
ical states and operators are gauge invariant (i.e. G-singlets) and transform under
unitary representations of SU(2, 2|4).
• The spontaneously broken or Coulomb phase, where 〈X i〉 6= 0 for at least one i. The
detailed dynamics will depend upon the degree of residual symmetry. Generically,
G → U(1)r where r = rank G, in which case the low energy behavior is that of r
copies of N = 4 U(1) theory. Superconformal symmetry is spontaneously broken
since the non-zero vacuum expectation value 〈X i〉 sets a scale.
3.2 Isometries and Conformal Transformations
In the first part of these lectures, we shall consider the SYM theory in the conformal phase
and therefore make heavy use of superconformal symmetry. In the present subsection,
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we begin by reviewing conformal symmetry first. Let M be a Riemannian (or pseudo-
Riemannian) manifold of dimension D with metric Gµν , µ, ν = 0, 1, · · · , D − 1. We shall
now review the notions of diffeomorphisms, isometries and conformal transformations.
• A diffeomorphism ofM is a differentiable map of local coordinates xµ, µ = 1, · · · , D,
of M given either globally by xµ → x′µ(x) or infinitesimally by a vector field vµ(x) so that
δvx
µ = −vµ(x). Under a general diffeomorphism, the metric on M transforms as
G′µν(x
′)dx′µdx′ν = Gµνdxµdxν (3.7)
δvGµν = ∇µvν +∇νvµ ∇µvν ≡ ∂µvν − Γρµνvρ
• An isometry is a diffeomorphism under which the metric is invariant,
G′µν(x) = Gµν(x) or δvGµν = ∇µvν +∇νvµ = 0 (3.8)
• A conformal transformation is a diffeomorphism that preserves the metric up to an
overall (in general x-dependent) scale factor, thereby preserving all angles,
G′µν(x) = w(x)Gµν(x) or δvGµν = ∇µvν +∇νvµ =
2
D
Gµν∇ρvρ (3.9)
The case ofM = RD,D ≥ 3, flat Minkowski space-time with flat metric ηµν = diag(−+
· · ·+) is an illuminating example. (When D = 2, the conformal algebra is isomorphic to
the infinite-dimensional Virasoro algebra.) Since now ∇µ = ∂µ, the equations for isometries
reduce to ∂µvν+∂νvµ = 0, while those for conformal transformations become ∂µvν+∂νvµ−
2/Dηµν∂ρv
ρ = 0. The solutions are
isometries (1) vµ constant : translations
(2) vµ = ωµνx
ν : Lorentz
conformal (3) vµ = λxµ : dilations
(4) vµ = 2cρx
ρxµ − xρxρcµ : special conformal (3.10)
In a local field theory, continuous symmetries produce conserved currents, according to
Noether’s Theorem. Currents associated with isometries and conformal transformations
may be expressed in terms of the stress tensor Tµν . This is because the stress tensor for
any local field theory encodes the response of the theory to a change in metric; as a result,
it is automatically symmetric T µν = T νµ. We have
jµv ≡ T µνvν (3.11)
Covariant conservation of this current requires that ∇µjµv = (∇µT µν)vν + T µν∇µvν = 0.
For an isometry, conservation thus requires that ∇µT µν = 0. For a conformal transfor-
mation, conservation in addition requires that Tµ
µ = 0. Starting out with Poincare´ and
scale invariance, all of the above conditions will have to be met so that special conformal
invariance will be automatic.
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3.3 (Super) Conformal N=4 Super Yang-Mills
In this subsection, we show that the global continuous symmetry group of N = 4 SYM is
given by the supergroup SU(2, 2|4), see [22]. The ingredients are as follows.
• Conformal Symmetry, forming the group SO(2, 4) ∼ SU(2, 2) is generated by trans-
lations P µ, Lorentz transformations Lµν , dilations D and special conformal transfor-
mations Kµ;
• R-symmetry, forming the group SO(6)R ∼ SU(4)R, generated by TA, A = 1, · · · , 15;
• Poincare´ supersymmetries generated by the supercharges Qaα and their complex con-
jugates Q¯α˙a, a = 1, · · · , 4. The presence of these charges results immediately from
N = 4 Poincare´ supersymmetry;
• Conformal supersymmetries generated by the supercharges Sαa and their complex
conjugates S¯aα˙. The presence of these symmetries results from the fact that the
Poincare´ supersymmetries and the special conformal transformationsKµ do not com-
mute. Since both are symmetries, their commutator must also be a symmetry, and
these are the S generators.
The two bosonic subalgebras SO(2, 4) and SU(4)R commute. The supercharges Q
a
α and
S¯aα˙ transform under the 4 of SU(4)R, while Q¯α˙a and Sαa transform under the 4
∗. From
these data, it is not hard to see how the various generators fit into a super algebra,Pµ Kµ Lµν D Q
a
α S¯
a
α˙
Q¯α˙a Sαa T
A
 (3.12)
All structure relations are rather straightforward, except the relations between the super-
charges, which we now spell out. To organize the structure relations, it is helpful to make
use of a natural grading of the algebra given by the dimension of the generators,
[D] = [Lµν ] = [T
A] = 0 [P µ] = +1 [Kµ] = −1
[Q] = +1/2 [S] = −1/2 (3.13)
Thus, we have
{Qaα, Qbβ} = {Sαa, Sβb} = {Qaα, S¯bβ˙} = 0
{Qaα, Q¯β˙b} = 2σµαβ˙Pµδba
{Sαa, S¯bβ˙} = 2σµαβ˙Kµδab
{Qaα, Sβb} = ǫαβ(δbaD + T ab) +
1
2
δb
aLµνσ
µν
αβ (3.14)
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3.4 Superconformal Multiplets of Local Operators
We shall be interested in constructing and classifying all local, gauge invariant operators
in the theory that are polynomial in the canonical fields. The restriction to polynomial
operators stems from the fact that it is those operators that will have definite dimension.
The canonical fields X i, λa and Aµ have unrenormalized dimensions, given by 1, 3/2
and 1 respectively. Gauge invariant operators will be constructed rather from the gauge
covariant objects X i, λa, F
±
µν and the covariant derivative Dµ, whose dimensions are
[X i] = [Dµ] = 1 [F
±
µν ] = 2 [λa] =
3
2
(3.15)
Here, F±µν stands for the (anti) self-dual gauge field strength. Thus, if we temporarily ignore
the renormalization effects of composite operators, we see that all operator dimensions will
be positive and that the number of operators whose dimension is less than a given number
is finite. The only operator with dimension 0 will be the unit operator.
Next, we introduce the notion of superconformal primary operator. Since the conformal
supercharges S have dimension −1/2, successive application of S to any operator of definite
dimension must at some point yield 0 since otherwise we would start generating operators of
negative dimension, which is impossible in a unitary representation. Therefore one defines
a superconformal primary operator O to be a non-vanishing operator such that
[S,O]± = 0 O 6= 0 (3.16)
An equivalent way of defining a superconformal primary operator is as the lowest dimen-
sion operator in a given superconformal multiplet or representation. It is important to
distinguish a superconformal primary operator from a conformal primary operator, which
is instead annihilated by the special conformal generators Kµ, and is thus defined by a
weaker condition. Therefore, every superconformal primary is also a conformal primary
operator, but the converse is not, in general, true.
Finally, an operator O is called a superconformal descendant operator of an operator
O′ when it is of the form,
O = [Q,O′]± (3.17)
for some well-defined local polynomial gauge invariant operator O′. If O is a descendant
of O′, then these two operators belong to the same superconformal multiplet. Since the
dimensions are related by ∆O = ∆O′ + 1/2, the operator O can never be a conformal
primary operator, because there is in the same multiplet at least one operator O′ of di-
mension lower than O. As a result, in a given irreducible superconformal multiplet, there
is a single superconformal primary operator (the one of lowest dimension) and all others
are superconformal descendants of this primary.
It is instructive to have explicit forms for the superconformal primary operators inN =
4 SYM. The construction is most easily carried out by using the fact that a superconformal
primary operator is NOT the Q-commutator of another operator. Thus, a key ingredient
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in the construction is the Q transforms of the canonical fields. We shall need these here
only schematically,
{Q, λ} = F+ + [X,X] [Q,X] = λ
{Q, λ¯} = DX [Q,F ] = Dλ (3.18)
A local polynomial operator containing any of the elements on the rhs of the above struc-
ture relations cannot be primary. As a result, chiral primary operators can involve neither
the gauginos λ nor the gauge field strengths F±. Being thus only functions of the scalars
X, they can involve neither derivatives nor commutators of X. As a result, superconformal
primary operators are gauge invariant scalars involving only X in a symmetrized way.
The simplest are the single trace operators, which are of the form
str
(
X i1X i2 · · ·X in
)
(3.19)
where ij , j = 1, · · · , n stand for the SO(6)R fundamental representation indices. Here, “str”
denotes the symmetrized trace over the gauge algebra and as a result of this operation,
the above operator is totally symmetric in the SO(6)R-indices ij . In general, the above
operators transform under a reducible representation (namely the symmetrized product of
n fundamentals) and irreducible operators may be obtained by isolating the traces over
SO(6)R indices. Since trX
i = 0, the simplest operators are∑
i
trX iX i ∼ Konishi multiplet
trX{iXj} ∼ supergravity multiplet (3.20)
where {ij} stands for the traceless part only. The reasons for these nomenclatures will
become clear once we deal with the AdS/CFT correspondence.
More complicated are the multiple trace operators, which are obtained as products of
single trace operators. Upon taking the tensor product of the individual totally symmetric
representations, we may now also encounter (partially) anti-symmetrized representations
of SO(6)R. There is a one-to-one correspondence between chiral primary operators and
unitary superconformal multiplets, and so all state and operator multiplets may be labeled
in terms of the superconformal chiral primary operators.
3.5 N = 4 Chiral or BPS Multiplets of Operators
The unitary representations of the superconformal algebra SU(2, 2|4) may be labeled by
the quantum numbers of the bosonic subgroup, listed below,
SO(1, 3)× SO(1, 1)× SU(4)R
(s+, s−) ∆ [r1, r2, r3] (3.21)
where s± are positive or zero half integers, ∆ is the positive or zero dimension and [r1, r2, r3]
are the Dynkin labels of the representations of SU(4)R. It is sometimes preferable to refer
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to SU(4)R representations by their dimensions, given in terms of r¯i ≡ ri + 1 by
dim[r1, r2, r3] =
1
12
r¯1r¯2r¯3(r¯1 + r¯2)(r¯2 + r¯3)(r¯1 + r¯2 + r¯3) (3.22)
instead of their Dynkin labels. The complex conjugation relation is [r1, r2, r3]
∗ = [r3, r2, r1].
In unitary representations, the dimensions ∆ of the operators are bounded from below
by the spin and SU(4)R quantum numbers. To see this, it suffices to restrict to primary
operators since they have the lowest dimension in a given irreducible multiplet. As shown
previously, such operators are scalars, so that the spin quantum numbers vanish, and the
dimension is bounded from below by the SU(4)R quantum numbers. A systematic analysis
of [24], (see also [25, 26]) for this case reveals the existence of 4 distinct series,
1. ∆ = r1 + r2 + r3;
2. ∆ = 3
2
r1 + r2 +
1
2
r3 ≥ 2 + 12r1 + r2 + 32r3 this requires r1 ≥ r3 + 2;
3. ∆ = 1
2
r1 + r2 +
3
2
r3 ≥ 2 + 32r1 + r2 + 12r3 this requires r3 ≥ r1 + 2;
4. ∆ ≥ Max
[
2 + 3
2
r1 + r2 +
1
2
r3; 2 +
1
2
r1 + r2 +
3
2
r3
]
Clearly, cases 2. and 3. are complex conjugates of one another.
Cases 1. 2. and 3. correspond to discrete series of representations, for which at least one
supercharge Q commutes with the primary operator. Such representations are shortened
and usually referred to as chiral multiplets or BPS multiplets. The term BPS multiplet
arises from the analogy with the BPS multiplets of Poincare´ supersymmetry discussed in
subsections §2.3. Since these representations are shortened, their dimension is unrenormal-
ized or protected from receiving quantum corrections.
Case 4. corresponds to continuous series of representations, for which no supercharges
Q commute with the primary operator. Such representations are referred to as non-BPS.
Notice that the dimensions of the operators in the continuous series is separated from the
dimensions in the discrete series by a gap of at least 2 units of dimension.
The BPS multiplets play a special role in the AdS/CFT correspondence. In Table 3
below, we give a summary of properties of various BPS and non-BPS multiplets. In the
column labeled by #Q is listed the number of Poincare´ supercharges that leave the primary
invariant.
Half-BPS operators
It is possible to give an explicit description of all 1/2 BPS operators. The simplest
series is given by single-trace operators of the form
Ok(x) ≡ 1
nk
str
(
X{i1(x) · · ·X ik}(x)
)
(3.23)
where “str” stands for the symmetrized trace introduced previously, {i1 · · · ik} stands for
the SO(6)R traceless part of the tensor, and nk stands for an overall normalization of the
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Operator type #Q spin range SU(4)R primary dimension ∆
identity 16 0 [0, 0, 0] 0
1/2 BPS 8 2 [0, k, 0], k ≥ 2 k
1/4 BPS 4 3 [ℓ, k, ℓ], ℓ ≥ 1 k + 2ℓ
1/8 BPS 2 7/2 [ℓ, k, ℓ+ 2m] k + 2ℓ+ 3m, m ≥ 1
non-BPS 0 4 any unprotected
Table 3: Characteristics of BPS and Non-BPS multiplets
operator which will be fixed by normalizing its 2-point function. The dimension of these
operators is unrenormalized, and thus equal to k.
However, it is also possible to have multiple trace 1/2 BPS operators. They are built as
follows. The tensor product of n representations [0, k1, 0]⊗ · · · ⊗ [0, kn, 0], always contains
the representation [0, k, 0], k = k1 + · · · + kn, with multiplicity 1. (The highest weight
of the representation [0, k, 0] is then the sum of the highest weights of the component
representations.) The most general 1/2 BPS gauge invariant operators are given by the
projection onto the representation [0, k, 0] of the corresponding product of operators,
O(k1,···,kn)(x) ≡
[
Ok1(x) · · ·Okn(x)
]
[0,k,0]
k = k1 + · · ·+ kn (3.24)
Here the brackets [ ] stand for the operators product of the operators inside. This product is
in general singular and thus ambiguous, but the projection onto the representation [0, k, 0]
is singularity free and thus unique.
1/4 and 1/8 BPS Operators
There are no single-trace 1/4 BPS operators. The simplest construction is in terms of
double trace operators. It is easiest to list all possibilities in a single expression, using the
notations familiar already from the 1/2 BPS case. The operators are of the form
[
Ok1(x) · · ·Okn(x)
]
[ℓ,k,ℓ]
k + 2ℓ = k1 + · · ·+ kn (3.25)
In the free theory, the above operators will be genuinely 1/4 BPS, but in the interacting
theory, the operators will also contain an admixture of descendants of non-BPS operators
[27]. The series of 1/8 BPS operators starts with triple trace operators, and are generally
of the form [
Ok1(x) · · ·Okn(x)
]
[ℓ,k,ℓ+2m]
k + 2ℓ+ 3m = k1 + · · ·+ kn (3.26)
In the interacting theory, admixtures with descendants again have to be included.
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3.6 Problem Sets
(3.1) Show that the 1-loop renormalization group β-function for N = 4 SYM vanishes.
(3.2) Express the N = 4 SYM Lagrangian in terms of N = 1 superfields.
(3.3) Work out the full conformal SO(2, 4) ∼ SU(2, 2) and superconformal SU(2, 2|4)
structure relations (commutators and anti-commutators of the generators).
(3.4) Derive the Noether currents associated with the Poincare´ Qaα and conformal S¯α˙a
supercharges (and complex conjugates) in terms of the canonical fields of N = 4 SYM.
(3.5) In the Abelian Coulomb phase of N = 4 SYM, where the gauge algebra G is spon-
taneously broken to U(1)r, r = rank G, the global superconformal algebra SU(2, 2|4) is
also spontaneously broken. To simplify matters, you may take G = SU(2). (a) Identify
the generators of SU(2, 2|4) which are preserved and (b) those which are spontaneously
broken, thus producing Goldstone bosons and fermions. (c) Express the Goldstone boson
and fermion fields in terms of the canonical fields of N = 4 SYM.
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4 Supergravity and Superstring Theory
In this section, we shall review the necessary supergravity and superstring theory to develop
the theory of D-branes and D3-branes in particular.
4.1 Spinors in general dimensions
Consider D-dimensional Minkowski space-time MD with flat metric ηµν = diag(−+ · · ·+),
µ, ν = 0, 1, · · · , D−1. The Lorentz group is SO(1, D−1) and the generators of the Lorentz
algebra Jµν obey the standard structure relations
[Jµν , Jρσ] = −iηµρJνσ + iηνρJµσ − iηνσJµρ + iηµσJνρ (4.1)
The Dirac spinor representation, denoted SD, is defined in terms of the standard Clifford-
Dirac matrices Γµ,
Jµν =
i
4
[Γµ,Γν ] {Γµ,Γν} = 2ηµν (4.2)
Its (complex) dimension is given by dimCSD = 2
[D/2].
For D even, the Dirac spinor representation is always reducible because in that case
there exists a chirality matrix Γ¯, with square Γ¯2 = I, which anti-commutes with all Γµ
and therefore commutes with Jµν ,
Γ¯ ≡ i 12D(D−1)+1Γ0Γ1 · · ·Γd−1 {Γ¯,Γµ} = 0 ⇒ [Γ¯, Jµν ] = 0 (4.3)
As a result, the Dirac spinor is the direct sum of two Weyl spinors SD = S+ ⊕ S−. The
reality properties of the Weyl spinors depends on D (mod 8), and is given as follows,
D ≡ 0, 4 (mod 8) S− = S∗+ both complex
D ≡ 2, 6 (mod 8) S+ S− self − conjugate (4.4)
For both even and odd D, the charge conjugate ψc of a Dirac spinor ψ is defined by
ψc ≡ CΓ0ψ∗ CΓµC−1 = −(Γµ)T (4.5)
Requiring that a spinor be real is a basis dependent condition and thus not properly
Lorentz covariant. The proper Lorentz invariant condition for reality is that a spinor be
its own charge conjugate ψc = ψ; such a spinor is called a Majorana spinor. The Majorana
condition requires that (ψc)c = ψ, or CΓ0(CΓ0)
∗ = I, which is possible only in dimensions
D ≡ 0, 1, 2, 3, 4 (mod 8). In dimensions D ≡ 0, 4 (mod 8), a Majorana spinor is equivalent
to a Weyl spinor, while in dimension D ≡ 2 (mod 8) it is possible to impose the Majorana
and Weyl conditions at the same time, resulting in Majorana-Weyl spinors. In dimensions
D ≡ 5, 6, 7 (mod 8), one may group spinors into doublets Ψ± and it is possible to impose
a symplectic Majorana condition given by Ψc± = ∓Ψ∓. Useful reviews are in [12, 28].
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4.2 Supersymmetry in general dimensions
The basic Poincare´ supersymmetry algebra in MD is obtained by supplementing the
Poincare´ algebra with N supercharges QIα, I = 1, · · · ,N . Here Q transforms in the
spinor representation S, which could be a Dirac spinor, a Weyl spinor, a Majorana
spinor or a Majorana-Weyl spinor, depending on D. Thus, α runs over the spinor indices
α = 1, · · · , dimS. Whatever the spinor is, we shall always write it as a Dirac spinor. The
fundamental supersymmetry algebra could include central charges just as was the case for
D = 4. However, we shall here be interested mostly in a restricted class of supersymmetry
representations in which we have a massless graviton, such as we have in supergravity and
in superstring theory. Therefore, we may ignore the central charges.
A general result, valid in dimension D ≥ 4, states that interacting massless fields of
spin > 2 cannot be causal, and are excluded on physical grounds. Considering theories with
a massless graviton, and assuming that supersymmetry is realized linearly, the massless
graviton must be part of a massless supermultiplet of states and fields. By the above
general result, this multiplet cannot contain fields and states of spin > 2. This fact puts
severe restrictions on which supersymmetry algebras can be realized in various dimensions.
The existence of massless unitary representations of the supersymmetry algebra re-
quires vanishing central charges, just as was the case in d = 4. Thus, we shall consider the
Poincare´ supersymmetry algebras of the form (useful reviews are in [12, 28], see also [29]
and [30]),
{QIα, (QJβ)†} = 2δIJ(Γµ)βαP µ {QIα, QJβ} = 0 (4.6)
To analyze massless representations, choose P µ = (E, 0, · · · , 0, E), E > 0, so that the
supersymmetry algebra in this representation simplifies and becomes
{QIα, (QJβ)†} = 2δIJ
(
4E 0
0 0
)β
α
(4.7)
On this unitary massless representation, half of the supercharges effectively vanish QIα = 0,
α = 1
2
dimS+1, · · · , dimS. Half of the remaining supercharges may be viewed as lowering
operators for the Clifford algebra, while the other half may be viewed as raising operators.
Thus, the total number of raising operators is 1/4 · N · dimR S. Each operator raising
helicity by 1/2, and total helicity ranging at most from −2 to +2, we should have at most
8 raising operators and this produces an important bound,
N dimR S ≤ 32 (4.8)
In other words, the maximum number of Poincare´ supercharges is always 32.
The largest dimension D for which the bound may be satisfied is D = 11 and N = 1,
for which there are precisely 32 Majorana supercharges. In D = 10, the bound is saturated
for N = 2 and 16-dimensional Majorana-Weyl spinors. There is indeed a unique D = 11
supergravity theory discovered by Cremmer, Julia and Scherk [31]. Many of the lower
dimensional theories may be constructed by Kaluza-Klein compactification on a circle or
on a torus of the D = 11 theory and we shall therefore treat this method first [32].
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4.3 Kaluza-Klein compactification on a circle
We wish to compactify one space dimension on a circle S1R of radius R. Accordingly, we
decompose the coordinates xµ of RD into a coordinate y on the circle and the remaining
coordinates xµ¯. The wave operator with flat metric in D dimensions D then becomes
D = D−1 +
∂2
∂y2
(4.9)
We shall be interested in finding out how various fields behave, in particular in the limit
R→ 0, referred to as dimensional reduction.
We begin with a scalar field φ(xµ) obeying periodic boundary conditions on S1R, which
has the following Fourier decomposition,
φ(xµ¯, y) =
∑
n∈Z
φn(x
µ¯)e2πiny/R (4.10)
The d-dimensional kinetic term of a scalar field with mass m then decomposes as follows,∫
ddxφ(− d +m2)φ =
∑
n∈Z
2πR
∫
dd−1xφn
(
− d−1 +m2 + 4π
2n2
R2
)
φn (4.11)
As R→ 0, all modes except n = 0 acquire an infinitely heavy mass and decouple. The zero
mode n = 0 is the unique mode invariant under translations on S1R. Thus, the dimensional
reduction on a circle of a scalar field with periodic boundary conditions is again a scalar
field. Under dimensional reduction with any other boundary condition, there will be no
zero mode left and thus the scalar field will completely decouple.
Next, consider a bosonic field with periodic boundary conditions transforming under
an arbitrary tensor representation of the Lorentz group SO(1, D−1) on MD. Let us begin
with a vector field Aµ(x
ν) in the fundamental of SO(1, D−1). The index µ must now also
be split into a component along the direction y and the remaining D−1 directions µ¯. The
first results in a scalar Ay(x
ν¯), while the second results in a vector Aµ¯(x
ν¯) of the D − 1
dimensional Lorentz group SO(1, D − 2). We notice that this decomposition is nothing
but the branching rule for the fundamental representation of SO(1, D − 1) decomposing
under the subgroup SO(1, D − 2). For a field A obeying period boundary conditions and
transforming under a general tensor representation T of SO(1, D− 1), dimensional reduc-
tion on a circle will produce a direct sum of representations Ti of SO(1, D − 2), which is
the restriction of T to the subgroup SO(1, D − 2).
For a spinor field obeying periodic boundary conditions and transforming under a
general spinor representation S of SO(1, D − 1), dimensional reduction will produce a
direct sum of representations Si of SO(1, D − 2) which is the restriction of S to the
subgroup SO(1, D − 2). Finally, assembling bosons and fermions with periodic boundary
conditions in a supersymmetry multiplet, we see that dimensional reduction will preserve
all Poincare´ supersymmetries, and that the supercharges will behave as the spinor fields
described above under this reduction.
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An important example is the rank 2 symmetric tensor, i.e. the metric Gµν ,
Gµν →

Gyy scalar mixing with dilaton
Gµ¯y graviphoton
Gµ¯ν¯ metric
(4.12)
Again, fields obeying boundary conditions other than periodic will completely decouple.
4.4 D=11 and D=10 Supergravity Particle and Field Contents
In this subsection, we begin by listing the field contents and the number of physical degrees
of freedom of the N = 1, D = 11 supergravity theory. By dimensional reduction on a
circle, we find the N = 2, D = 10 Type IIA theory, which is parity conserving and has
two Majorana-Weyl gravitini of opposite chiralities. Finally, we list the field and particle
contents for the N = 2, D = 10 Type IIB theory, which is chiral and has two Majorana-
Weyl gravitini of the same chirality.
The N = 1, D = 11 supergravity theory has the following field and particle contents,
D = 11

Gµν SO(9) 44B metric − graviton
Aµνρ 84B antisymmetric rank 3
ψµα 128F Majorana gravitino
(4.13)
Here and below, the numbers following the little group (for the massless representations)
SO(9) represent the number of physical degrees of freedom in the multiplet. For example,
the graviton in D = 11 is given by the rank 2 symmetric traceless representation of SO(9),
of dimension 9 × 10/2 − 1 = 44. The Majorana spinor ψµα as a vector has 9 physical
components, but it also satisfies the Γ-tracelessness condition (Γµ)βαψµα = 0, which cuts
the number down to 8. The 32 component spinor satisfies a Dirac equation, which cuts its
number of physical components down to 16, yielding a total of 8×16 = 128. The subscripts
B and F refer to the bosonic or fermionic nature of the state.
The N = 2, D = 10 Type IIA theory is obtained by dimensional reduction on a circle,
Type IIA

Gµν SO(8) 35B metric − graviton
Φ 1B dilaton
Bµν 28B NS− NS rank 2 antisymmetric
A3µνρ 56B antisymmetric rank 3
A1µ 8B graviphoton
ψ±µα 112F Majorana−Weyl gravitinos
λ±α 16F Majorana−Weyl dilatinos
(4.14)
Here, the gravitinos are again Γ-traceless. The two gravitinos ψ±µα as well as the two
dilatinos λ±α have opposite chiralities and the theory is parity conserving.
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The N = 2, D = 10 Type IIB theory has the following field and particle contents,
Type IIB

Gµν SO(8) 35B metric − graviton
C + iΦ 2B axion− dilaton
Bµν + iA2µν 56B rank 2 antisymmetric
A+4µνρσ 35B antisymmetric rank 4
ψIµα I=1,2 112F Majorana−Weyl gravitinos
λIα I=1,2 16F Majorana−Weyl dilatinos
(4.15)
The rank 4 antisymmetric tensor A+µνρσ has self-dual field strength, a fact that is indicated
with the + superscript. The gravitinos are again Γ-traceless. The two gravitinos ψIµα have
the same chirality, while the two dilatinos λIα also have the same chirality but opposite to
that of the gravitinos. The theory is chiral or parity violating.
4.5 D=11 and D=10 Supergravity Actions
Remarkably, the D = 11 supergravity theory has a relatively simple action. It is convenient
to use exterior differential notation for all anti-symmetric tensor fields, such as the rank 3
tensor A3 ≡ 1/3!A3µνρdxµdxνdxρ, with field strength F4 ≡ dA3,
S11 =
1
2κ211
∫ [√
G(RG − 1
2
|F4|2)− 1
6
A3 ∧ F4 ∧ F4
]
+ fermions (4.16)
where κ211 is the 11-dimensional Newton constant. The action for the Type IIA theory may
be deduced from this action by dimensional reduction, but we shall not need it here. There
are also D = 10 supergravities with only N = 1 supersymmetry, which in particular may
couple to D = 10 super-Yang-Mills theory.
There exists no completely satisfactory action for the Type IIB theory, since it involves
an antisymmetric field A+4 with self-dual field strength. However, one may write an action
involving both dualities of A4 and then impose the self-duality as a supplementary field
equation. Doing so, one obtainsi (see for example [33, 28])
SIIB = +
1
4κ2B
∫ √
Ge−2Φ(2RG + 8∂µΦ∂µΦ− |H3|2) (4.17)
− 1
4κ2B
∫ [√
G(|F1|2 + |F˜3|2 + 1
2
|F˜5|2) + A+4 ∧H3 ∧ F3
]
+ fermions
where the field strengths are defined by
F1 = dC
H3 = dB
F3 = dA2
F5 = dA
+
4
{
F˜3 = F3 − CH3
F˜5 = F5 − 12A2 ∧H3 + 12B ∧ F3
(4.18)
and we have the supplementary self-duality condition ∗F˜5 = F˜5.
iWe use the notation G ≡ −detGµν and
∫ √
G|Fp|2 ≡ 1p!
∫ √
GGµ1ν1 · · ·Gµpνp F¯µ1···µpFν1···νp where F¯
denotes the complex conjugate of F . For real fields, this definition coincides with that of [28].
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The above form of the action naturally arises from the string low energy approximation.
The first line in (4.17) originates from the NS-NS sector while the second line (except for the
fermions) originates from the RR sector, as we shall see shortly. Type IIB supergravity is
invariant under the non-compact symmetry group SU(1, 1) ∼ SL(2,R), but this symmetry
is not manifest in (4.17). To render the symmetry manifest, we redefine fields from the
string metric Gµν used in (4.17) to the Einstein metric GEµν , along with expressing the
tensor fields in terms of complex fields,ii
GEµν ≡ e−Φ/2Gµν τ ≡ C + ie−Φ
G3 ≡ (F3 − τH3)/
√
Imτ (4.19)
The action may then be written simply as,
SIIB =
1
4κ2B
∫ √
GE
(
2RGE −
∂µτ¯ ∂
µτ
(Imτ)2
− 1
2
|F1|2 − |G3|2 − 1
2
|F˜5|2
)
− 1
4iκ2B
∫
A4 ∧ G¯3 ∧G3 (4.20)
Under the SU(1, 1) ∼ SL(2,R) symmetry of Type IIB supergravity, the metric and A+4
fields are left invariant. The dilaton-axion field τ changes under a Mo¨bius transformation,
τ → τ ′ = aτ + b
cτ + d
ad− bc = 1, a, b, c, d ∈ R (4.21)
Finally, the Bµν and A2µν fields rotate into one another under the linear transformation
associated with the above Mo¨bius transformation, and this may most easily be re-expressed
in terms of the complex 3-form field G3,
G3 → G′3 =
cτ¯ + d
|cτ + d| G3 (4.22)
The susy transformation laws of Type IIB supergravity [33, 34] on the fermion fields –
the dilatino λ and the gravitino ψM – are of the form, (we shall not need the transformation
laws on bosons),
δλ =
i
κB
Γµη∗
∂µτ
Imτ
− i
24
ΓµνρηG3µνρ + (Fermi)
2 (4.23)
δψµ =
1
κB
Dµη +
i
480
Γµ1···µ5ΓµηF5µ1···µ5 +
1
96
(Γµ
ρστG3ρστ − 9ΓνρG3µνρ)η∗ + (Fermi)2
Note that in the SU(1, 1) formulation, the supersymmetry transformation parameter η
has U(1) charge 1/2, so that λ has charge 3/2 and ψµ has charge 1/2.
iiThe detailed relation with the SU(1, 1) formulation of Type IIB supergravity is given as follow :
the SU(1, 1) frame V α± , α = 1, 2 is given by V
1
+ = τ/
√
Imτ , V 1− = τ¯ /
√
Imτ , and V 2± = 1/
√
Imτ . The
frame transforms as a SU(1, 1) doublet and satisfied V 1−V
2
+−V 2−V 1+ = 1. The complex 3-form is defined by
G3 = V
2
+F3−V 1+H3 and is a SU(1, 1) singlet. The complex variable τ parametrizes the coset SU(1, 1)/U(1);
under this local U(1) group, V± have charge ±1 while G3 has charge +1.
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4.6 Superstrings in D=10
The geometrical data of superstring theory in the Ramond-Neveu-Schwarz (RNS) formula-
tion are the bosonic worldsheet field xµ and the fermionic worldsheet fields ψµ±, which may
both be viewed as functions of local worldsheet coordinates ξ1, ξ2. The subscript ± indi-
cates the two worldsheet chiralities. Both xµ and ψµ± transform under the vector representa-
tion of the space-time Lorentz group. The theory has two sectors, the Neveu-Schwarz (NS)
and Ramond (R) sectors. The NS ground state is a space-time boson, while the R ground
state is a space-time fermion. The full space-time bosonic (resp. fermionic) spectrum of
the theory is obtained by applying xµ and ψµ fields to the NS (resp. R) ground states.
Space-time supersymmetry is achieved by imposing a suitable Gliozzi-Scherk-Olive (GSO)
projection [29]. For simplicity, we shall only consider theories with orientable strings; the
Type II and heterotic string theories fit in this category. Interactions arise from the joining
and splitting of the worldsheets, so that the number of handles (which equals the genus
for orientable worldsheets) corresponds to the number of loops in a field theory reinterpre-
tation of the string diagram. (Standard references on superstring theory include [34, 28],
lecture notes [35] and a review on perturbation theory [36].)
(a) (b) (c)
Figure 1: Propagating closed strings (a) free, (b) interaction, (c) two-loop
One aspect of string theory that we shall make use of in these lectures is the fact
that (1) the low energy limit of string theory is supergravity and that (2) string theory
produces definite and calculable higher derivative corrections to the supergravity action
and field equations. To explain these facts, it is easiest to concentrate on the space-time
bosonic fields, since space-time fermionic fields require the use of the more complicated
fermion vertex operator. For Type II theories, the space-time bosons arise from two sectors
in turn; the NS-NS sector and the R-R sector. Fields in the R-R sector again couple to
the string worldsheet through the use of the fermion vertex operator, and for simplicity
we shall ignore also these fields here (even though they will of course be very important
for the AdS/CFT conjecture). The remaining fields are now the same for all four closed
orientable string theories, Type IIA, Type IIB and the two heterotic strings, namely the
metric Gµν , the NS-NS antisymmetric rank 2 tensor Bµν and the dilaton Φ. The full
worldsheet action for the coupling of these fields is still very complicated on a worldsheet
with general worldsheet metric and worldsheet gravitino fields χm. The contribution from
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the worldsheet bosonic field xµ gives rise to a generalized non-linear sigma model,
Sx =
1
4πα′
∫
Σ
√
γ
[
{γmnGµν(x) + ǫmnBµν(x)}∂mxµ∂nxν + α′R(2)γ Φ(x)
]
(4.24)
where α′ is the square of the Planck length, γmn is the worldsheet metric, γmn its inverse
and R(2)γ its associated Gaussian curvature. The contribution from the worldsheet fermionic
field ψµ± gives rise to a worldsheet supersymmetric completion of the above non-linear sigma
model. Here, we quote its form only for a flat worldsheet metric and vanishing worldsheet
gravitino field,
Sψ =
1
4πα′
∫
Σ
d2ξ
(
Gµν(x)(ψ
µ
+Dz¯ψ
ν
+ + ψ
µ
−Dzψ
ν
−) +
1
2
Rµνρσψ
µ
+ψ
ν
+ψ
ρ
−ψ
σ
−
)
(4.25)
where Rµνρσ is the Riemann tensor for the metric Gµν and the covariant derivatives are
given by
Dz¯ψ
µ
+ = ∂z¯ψ
µ
+ +
(
Γµρσ(x) +
1
2
H3
µ
ρσ(x)
)
∂z¯x
ρψσ+
Dzψ
µ
− = ∂zψ
µ
− +
(
Γµρσ(x)−
1
2
H3
µ
ρσ(x)
)
∂zx
ρψσ− (4.26)
where H3µρσ is the field strength of Bµν and Γ
µ
ρσ is the Levi-Civita connections for G.
The non-chiral scattering amplitudes are given by the functional integral over all xµ
and ψ± as well as over all worldsheet metrics γmn and all worldsheet gravitini fields χm by
amplitude =
∑
topologies
∫
DγmnDχm
∫
DxµDψ e−Sx+Sψ (4.27)
The full amplitudes must then be obtained by first chirally splitting [36, 37] the non-chiral
amplitudes in terms of the conformal blocks of the corresponding conformal field theories
of the left and right movers and imposing the GSO projection.
The quantization prescription given by the above formula for the amplitude is in the
first quantized formulation of string theory. There, a given string configuration (a given
worldsheet topology) is quantized in the presence of external background fields, such as the
metric Gµν , the rank 2 anti-symmetric tensor field Bµν and the dilaton Φ. The quantization
of the string produces excitations of these very fields as well as of all the other string
modes. In comparison with the first quantized formulation of particles is field theory, the
background fields may be interpreted as vacuum expectation values of the corresponding
field operators.
If the vacuum expectation value of the dilaton field is φ = 〈Φ〉, then the contribution
of the vacuum expectation value to the string amplitude is governed by the Euler number
χ(Σ) of the worldsheet Σ,
1
2π
∫
Σ
√
γR(2)γ = χ(Σ) = 2− 2h− b (4.28)
where h is the genus or number of handles and b is the number of boundaries or punctures.
Therefore, a genus h worldsheet (without boundary) will receive a multiplicative contri-
bution of e−(2−2h)φ = g2h−2s which gives reason to identify gs = e
φ with the (closed) string
32
coupling constant. For open string theories, the expansion is rather in integer powers of
the open string coupling constant go = e
φ/2.
4.7 Conformal Invariance and Supergravity Field Equations
As a two-dimensional quantum field theory, the generalized non-linear sigma model makes
sense for any background field assignment. However, when the non-linear sigma model is
to define a consistent string theory, further physical conditions need to be satisfied. The
most crucial one is that the single string spectrum be free of negative norm states. Such
states always appear because Poincare´ invariance of the theory forces the string map xµ
to obey the following canonical relations [xµ, x˙ν ] ∼ Gµν , so that x0 creates negative norm
states.
The decoupling of negative norm states out of the Fock space construction occurs via
worldsheet conformal invariance of the non-linear sigma model. In particular, conformal
invariance requires worldsheet scale invariance of the full quantum mechanical non-linear
sigma model. Transformations of the worldsheet scale Λ are broken by quantum mechanical
anomalies whose form is encoded by the β-functions of the renormalization group (RG).
As will be explained in the next paragraph, each background field has a β-function, and
worldsheet scale and conformal invariance thus require the vanishing of these β-functions.
The background fields Gµν(x), Bµν(x) and Φ(x) may be viewed as generating functions
for an infinite series of coupling constants. For example, for the metric we have,
Gµν(x) =
∞∑
n=0
1
n!
(x− x0)µ1 · · · (x− x0)µn∂µ1 · · ·∂µnGµν(x0) (4.29)
where each of the Taylor expansion coefficients ∂µ1 · · ·∂munGµν(x0) may be viewed as an
independent set of couplings. Under renormalization, and thus under RG flow, this infinite
number of couplings flows into itself, and the corresponding flows may again be described
by generating functions βGµν(x), β
B
µν(x) and β
Φ(x) defined, for example, for the metric by
βGµν(x) =
∂Gµν
∂ ln Λ
≡
∞∑
n=0
1
n!
(x− x0)µ1 · · · (x− x0)µn ∂∂µ1 · · ·∂µnGµν(x0)
∂ ln Λ
(4.30)
Customarily, when an infinite number of couplings occur in a quantum field theory, it
is termed non-renormalizable, because the prediction of any physical observable would
require an infinite number of input data to be specified at the renormalization point. In
string theory, however, this infinite number of couplings is exactly what is required to
describe the dynamics of a string in a consistent background. We now explain how this
comes about.
First, we assume that the whole renormalization process of the non-linear sigma model
will preserve space-time diffeomorphism invariance. The number of terms that can appear
in the RG flow is then finite, order by order in the α′ expansion [38]. Second, the presence
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of an infinite number of couplings makes it possible to have the string propagate in an
infinite family of space-times. The leading order β-functions are given by [39]
βGµν =
1
2
Rµν − 1
8
HµρσHν
ρσ + ∂µΦ∂νΦ +O(α′) (4.31)
βBµν = −
1
2
DρH
ρ
µν + ∂ρH
ρ
µν +O(α′)
βΦ =
1
6
(D − 10) + α′
(
2∂µΦ∂
µΦ− 2∇µ∂µΦ+ 1
2
RG − 1
24
HµνρH
µνρ
)
+O(α′)2
To leading order in α′, the requirement of scale invariance reduces precisely to the super-
gravity field equations for the Type II theory where all RRA-fields have been (consistently)
set to 0. String theory provides higher α′ corrections to the supergravity field equations,
which by dimensional analysis must be also terms with higher derivatives in xµ.
4.8 Branes in Supergravity
A rank p+ 1 antisymmetric tensor field Aµ1···µp+1 may be identified with a (p+ 1)-form,
Ap+1 ≡ 1
(p+ 1)!
Aµ1···µp+1dx
µ1 ∧ · · · ∧ dxµp+1 (4.32)
A (p+1)-form naturally couples to geometrical objects Σp+1 of space-time dimension p+1,
because a diffeomorphism invariant action may be constructed as follows
Sp+1 = Tp+1
∫
Σp+1
Ap+1 (4.33)
The action is invariant under Abelian gauge transformations ρp(x) of rank p
Ap+1 → Ap+1 + dρp (4.34)
because Sp+1 transforms with a total derivative. The field Ap+1 has a gauge invariant field
strength Fp+2, which is a p + 2 form whose flux is conserved. Solutions to supergravity
with non-trivial Ap+1 charge are referred to as p-branes, after the space-dimension of their
geometry.
Each Ap+1 gauge field has a magnetic dual A
magn
D−3−p which is a differential form field of
rank D − 3− p, whose field strength is related to that of Ap+1 by Poincare´ duality
dAmagnD−3−p ≡ ∗dAp+1 (4.35)
Accordingly, each p-brane also has a magnetic dual, which is a (D−4−p) brane and which
now couples to the field AmagnD−3−p.
The possible branes in D = 11 supergravity are very restricted because the only anti-
symmetric tensor field in the theory is Aµνρ of rank 3, so that we have a 2-brane, denoted
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M2 and its magnetic dualM5. The branes in Type IIA/B theory are further distinguished
as follows. When the antisymmetric field whose charge they carry is in the R-R sector,
the brane is referred to as a D-brane. D-branes were introduced first in string theory in
[40]. On the other hand, the 1-brane that couples to the NS-NS field Bµν is nothing but
the fundamental string, denoted F1, whose magnetic dual is NS5 [41]. Below we present
a Table of the branes occurring for various p in the D = 11 supergravity and in the Type
IIA/B supergravities in D = 10.
4.9 Brane Solutions in Supergravity
Each brane is realized as a 1/2 BPS solution in supergravity. The geometry of these
solutions will be important, and we describe it now. A p-brane has a (p+ 1)-dimensional
flat hypersurface, with Poincare´ invariance group Rp+1×SO(1, p). The transverse space is
then of dimension D − p− 1 and solutions may always be found with maximal rotational
symmetry SO(D− p− 1) in this transverse space. Thus, p-branes in supergravity may be
thought of as solutions with symmetry groups{
D=11 Rp+1 × SO(1, p)× SO(10− p)
D=10 Rp+1 × SO(1, p)× SO(9− p) (4.36)
For example theM2 brane has symmetry group R3×SO(1, 2)×SO(8) while the D3 brane
has instead R4 × SO(1, 3)× SO(6). We shall denote the coordinates as follows
Coordinates // to brane xµ µ = 0, 1, · · · , p
Coordinates ⊥ to brane yu = xp+u u = 1, 2, · · · , D − p− 1
Poincare´ invariance in p+1 dimensions forces the metric in those directions to be a rescaling
of the Minkowski flat metric, while rotation invariance in the transverse directions forces
the metric in those directions to be a rescaling of the Euclidean metric in those dimensions.
Furthermore, the metric rescaling functions should be independent of xµ, µ = 0, 1, · · · , p.
Substituting an Ansatz with the above restrictions into the field equations, one finds that
name D = 11 Type IIA Type IIB Magnetic Dual
D(-1) instanton — — A0 = C + ie
−Φ D7
D0 particle — A1µ — D6
F1 string — Bµν Bµν NS5
D1 string — — A2µν D5
M2 membrane Aµνρ — — M5
D2 brane — A3µνρ — D4
D3 brane — — A+4µνρσ D3
Table 4: Branes in various theories
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the solution may be expressed in terms of a single function H as follows, [42]
Dp ds2 = H(~y)−1/2dxµdxµ +H(~y)1/2d~y2 eΦ = H(~y)(3−p)/4
NS5 ds2 = dxµdxµ +H(~y)d~y
2 e2Φ = H(~y)
M2 ds2 = H(~y)−2/3dxµdxµ +H(~y)1/3d~y2
M5 ds2 = H(~y)−1/3dxµdxµ +H(~y)2/3d~y2 (4.37)
Here, the Dp metric is expressed in the string frame. The single function H must be
harmonic with respect to ~y.
Assuming maximal rotational symmetry by SO(D−p−1) in the transversal dimensions,
and using the fact that the metric should tend to flat space-time as y → ∞, the most
general solution is parametrized by a single scale factor L and is given by
H(y) = 1 +
LD−p−3
yD−p−3
(4.38)
Since α′ is the only dimensionful parameter of the theory, L must be a numerical constant
(possibly dependent on the dimensionless string couplings) times the above α′ dependence.
Of particular interest will be the solution of N coincident branes, for which we have
LD−p−3 = Nρp. For Dp branes, we have ρp = gs (4π)(5−p)/2Γ((7− p)/2)(α′)(D−p−3)/2.
It is easy to see that one still has a solution when H is harmonic without insisting on
rotation invariance in the transverse space, so that the general solution is of the form,
H(~y) = 1 +
N∑
I=1
CI
|~y − ~yI |D−3−p CI = NIρp , NI ∈ N (4.39)
for any array of N points ~y.
It is very important in the theory of branes in Type IIA/B string theory to understand
the dependence of the string coupling gs of the various brane solutions, in particular of cp.
To do so, we return to the supergravity field equations, (omitting derivative terms in the
dilaton and axion fields for simplicity),
IIA Rµν =
1
4
HµρσHν
ρσ + e2Φ
(
F2µρF2ν
ρ +
1
6
F4µσρτF4ν
ρστ
)
(4.40)
IIB Rµν =
1
4
HµρσHν
ρσ + e2Φ
(
F1µF1ν +
1
4
F˜3µσρF˜3ν
ρσ +
1
24
F˜+5µρστυF˜
+ρστυ
5ν
)
Recall that the string coupling is given by gs = e
φ where φ = 〈Φ〉. In both Type IIA and
Type IIB, the fundamental string F1 and the NS5 brane have non-vanishing Hµρσ fields,
but vanishing RR fields Fi. Therefore, these brane solutions do not involve the string
coupling constant gs and ρp is independent of gs. D-brane solutions on the other hand
will have Hµρσ = 0, but have at least one of the R-R antisymmetric fields Fi 6= 0. Such
solutions will involve the string coupling explicitly and therefore ρp ∼ gs. This leads for
example to the expression given for ρp above. Each brane solution breaks precisely half of
the supersymmetries of the corresponding theory, as is shown in Problem Set (4.1).
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4.10 Branes in Superstring Theory
While originally found as solutions to supergravity field equations, the p-branes of Type
IIA/B supergravity are expected to extend to solutions of the full Type IIA/B string
equations. These solutions will then break precisely half of the supersymmetries of the
string theory. As compared to the supergravity solutions, the full string solutions may,
of course, be subject to α′ corrections of their metric and other fields. Often, it is useful
to compare these semi-classical solutions of string theory with solitons in quantum field
theory, such as the familiar ‘t Hooft–Polyakov magnetic monopole. The fundamental string
F1 and the NS5 brane indeed very much behave as large size semi-classical solitons, whose
energy depends on the string coupling via 1/g2s , as is familiar from solitons in quantum
field theory.
Besides its supergravity low energy limit, the only other well-understood limit of string
theory is that of weak coupling where gs → 0. It is in this approximation that string
theory may be defined in terms of a genus expansion in string worldsheets. Remarkably,
D-branes (but not the F1 string or NS5 branes) admit a special limit as well. As may be
seen from (4.39), in the limit where gs → 0, the metric becomes flat everywhere, except on
the (p+1)-dimensional hyperplane characterized by ~y = 0, where the metric appears to be
singular. Thus, in the weak-coupling limit, the D-brane solution of supergravity reduces
to a localized defect in flat space-time. Strings propagating in this background are moving
in flat space-time, except when the string reaches the D-brane. The interaction of the
string with the D-brane is summarized by a boundary condition on the string dynamics.
The correct conditions turn out to be Dirichlet boundary conditions in the directions
perpendicular to the brane and Neumann conditions parallel to the brane. The Dp-brane
may alternatively be described in string perturbation theory as a (p + 1)-dimensional
hypersurface in flat 10-dimensional space-time on which open strings end with the above
boundary conditions. The open string end points are thus tied to be on the brane, but can
move freely along the brane. This was indeed the original formulation [40]; see also [43].
4.11 The Special Case of D3 branes
The D3-brane solution is of special interest for a variety of reasons : (1) its worldbrane
has 4-dimensional Poincare´ invariance; (2) it has constant axion and dilaton fields; (3) it
is regular at y = 0; (4) it is self-dual. Given its special importance, we shall present here
a more complete description of the D3-brane. The solution is characterized by

gs = e
φ, C constant
Bµν = A2µν = 0
ds2 = H(y)−1/2dxµdxµ +H(y)1/2(dy2 + y2dΩ25)
F+5µνρστ = ǫµνρστυ∂
υH
(4.41)
Here, ǫµνρστυ is the volume element transverse to the 4-dimensional Minkowski D3-brane
in D = 10. The N -brane solution with general locations of NI parallel D3-branes located
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at transverse position ~yi is given by
H(~y) = 1 +
N∑
I=1
4πgsNI(α
′)2
|~y − ~yI |4 (4.42)
where the total number of D3-branes is N =
∑
I NI . The fact that the geometry is regular
as ~y → ~yI despite the apparent singularity in the metric will be shown in the next section.
It is useful to compare the scales involved in the D3 brane solution and their relations
with the coupling constant.iii The radius L of the D3 brane solution to string theory is a
scale that is not necessarily of the same order of magnitude as the Planck length ℓP , which is
defined by ℓ2P = α
′. Their ratio is given instead by L4 = 4πgsNℓ4P . For gsN ≪ 1, the radius
L is much smaller than the string length ℓP , and thus the supergravity approximation is
not expected to be a reliable approximation to the full string solution. In this regime we
have gs ≪ 1, so that string perturbation theory is expected to be reliable and the D3 brane
may be treated using conformal field theory techniques. For gsN ≫ 1, the radius L is much
larger than the string length ℓP , and thus the supergravity approximation is expected to
be a good approximation to the full string solution. It is possible to have at the same time
gs ≪ 1 provided N is very large, so string perturbation theory may be simultaneously a
good approximation.
The D3 brane solution is more properly a two-parameter family of solutions, labeled
by the string coupling gs and the instanton angle θI = 2πC, or the single complex pa-
rameter τ = C + ie−φ. The SU(1, 1) ∼ SL(2,R) symmetry of Type IIB supergravity acts
transitively on τ , so all solutions lie in a single orbit of this group. In superstring theory,
however, the range of θI is quantized so that the identification θI ∼ θI +2π may be made,
and as a result also τ ∼ τ +1. Therefore, the allowed Mo¨bius transformations must be ele-
ments of the SL(2,Z) subgroup of SL(2,R), for which a, b, c, d ∈ Z. These transformations
map between equivalent solutions in string theory. Thus, the string theories defined on D3
backgrounds which are related by an SL(2,Z) duality will be equivalent to one another.
This property will be of crucial importance in the AdS/CFT correspondence where it will
emerge as the reflection of Montonen-Olive duality in N = 4 SYM theory.
4.12 Problem Sets
(4.1) The Lagrangian for D = 10 super-Yang-Mills theory (which is constructed to be
invariant under N = 1 supersymmetry) is given by
L = − 1
2g2
tr(FµνF
µν − 2iλ¯ΓµDµλ) (4.43)
The supersymmetry transformations are given by (Γµν ≡ 1
2
[Γµ,Γν ])
δAµ = −iζ¯Γµλ δλ = 1
2
FµνΓ
µνζ (4.44)
iiiThe discussion given here may be extended to Dp branes to some extent. However, when p 6= 3, the
dilaton is not constant and the strength of the coupling will depend upon the distance to the brane.
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for a Majorana-Weyl spinor gaugino λ. Show that under dimensional reduction on a flat
6-dimensional torus, (with periodic boundary conditions on all fields), the theory reduces
to D = 4, N = 4 super-Yang-Mills. Use this reduction to relate the matrices Ci in the
Lagrangian for the D = 4 theory to the Clifford Dirac matrices of SO(6), and to derive
the supersymmetry transformations of the theory.
(4.2) Assume the following Ansatz for a D3 brane solution to the Type IIB sugra field
equations : constant dilaton φ, vanishing axion C = 0, vanishing two-forms A2µν = Bµν =
0, F5µνρστ ∼ ǫµνρστυ∂υH and metric of the form
ds2 = H−
1
2 (~y)dxµdxµ +H
1
2 (~y)d~y2
Here, xµ, µ = 0, · · · , 3 are the coordinates along the brane, while ~y ∈ R6 are the coordinates
perpendicular to the brane. Show that the sugra equations hold provided H is harmonic
in the transverse directions (i.e. satisfies yH = 0, except at the position of the brane,
where a pole will occur).
(4.3) Continuing with the set-up of (4.2), show that regularity of the solution requires the
poles of H to have integer strength.
(4.4) Show that the D3 brane solution preserves 16 supersymmetries (i.e. half of the total
number).
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5 The Maldacena AdS/CFT Correspondence
In the preceding sections, we have provided descriptions of D = 4, N = 4 super-Yang-
Mills theory on the one hand and of D3 branes in supergravity and superstring theory on
the other hand. We are now ready to exhibit the Maldacena or near-horizon limit close to
the D3 branes and formulate precisely the Maldacena or AdS/CFT correspondence which
conjectures the identity or duality between N = 4 SYM and Type IIB superstring theory
on AdS5 × S5. We shall also present the three different forms of the conjecture, the first
being a correspondence with the full quantum string theory, the second being with classical
string theory and finally the weakest form being with classical supergravity on AdS5× S5.
In this section, the precise mapping between both sides of the conjecture will be made for
the global symmetries as well as for the fields and operators. The mapping between the
correlation functions will be presented in the next section. For a general review see [7]; see
also [44] and [45].
5.1 Non-Abelian Gauge Symmetry on D3 branes
Open strings whose both end points are attached to a single brane can have arbitrarily
short length and must therefore be massless. This excitation mode induces a massless U(1)
gauge theory on the worldbrane which is effectively 4-dimensional flat space-time [46]. Since
the brane breaks half of the total number of supersymmetries (it is 1/2 BPS), the U(1)
gauge theory must have N = 4 Poincare´ supersymmetry. In the low energy approximation
(which has at most two derivatives on bosons and one derivative on fermions in this case),
the N = 4 supersymmetric U(1) gauge theory is free.
(a) (b) (c)
Figure 2: D-branes : (a) single, (b) well-separated, (c) (almost) coincident
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With a number N > 1 of parallel separated D3-branes, the end points of an open string
may be attached to the same brane. For each brane, these strings can have arbitrarily small
length and must therefore be massless. These excitation modes induce a massless U(1)N
gauge theory with N = 4 supersymmetry in the low energy limit. An open string can
also, however, have one of its ends attached to one brane while the other end is attached
to a different brane. The mass of such a string cannot get arbitrarily small since the
length of the string is bounded from below by the separation distance between the branes
(see however problem set (5.4)). There are N2 − N such possible strings. In the limit
where the N branes all tend to be coincident, all string states would be massless and
the U(1)N gauge symmetry is enhanced to a full U(N) gauge symmetry. Separating the
branes should then be interpreted as Higgsing the gauge theory to the Coulomb branch
where the gauge symmetry is spontaneously broken (generically to U(1)N ). The overall
U(1) = U(N)/SU(N) factor actually corresponds to the overall position of the branes and
may be ignored when considering dynamics on the branes, thereby leaving only a SU(N)
gauge symmetry [47]. These various configurations are depicted in Fig. 2.
In the low energy limit, N coincident branes support anN = 4 super-Yang-Mills theory
in 4-dimensions with gauge group SU(N).
5.2 The Maldacena limit
The space-time metric of N coincident D3-branes may be recast in the following form,iv
ds2 =
(
1 +
L4
y4
)− 1
2
ηijdx
idxj +
(
1 +
L4
y4
) 1
2
(dy2 + y2dΩ25) (5.1)
where the radius L of the D3-brane is given by
L4 = 4πgsN(α
′)2 (5.2)
To study this geometry more closely, we consider its limit in two regimes.
As y ≫ L, we recover flat space-time R10. When y < L, the geometry is often referred
to as the throat and would at first appear to be singular as y ≪ L. A redefinition of the
coordinate
u ≡ L2/y (5.3)
and the large u limit, however, transform the metric into the following asymptotic form
ds2 = L2
[
1
u2
ηijdx
idxj +
du2
u2
+ dΩ25
]
(5.4)
which corresponds to a product geometry. One component is the five-sphere S5 with metric
L2dΩ25. The remaining component is the hyperbolic space AdS5 with constant negative
ivIn this section, we shall denote 10-dimensional indices by M,N, · · ·, 5-dimensional indices by µ, ν, · · ·
and 4-dimensional Minkowski indices by i, j, · · ·, and the Minkowski metric by ηij = diag(− +++).
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Minkowskian flat limit
throat limit
Figure 3: Minkowski region of AdS (a), and throat region of AdS (b)
curvature metric L2u−2(du2 + ηijdxidxj). In conclusion, the geometry close to the brane
(y ∼ 0 or u ∼ ∞) is regular and highly symmetrical, and may be summarized as AdS5×S5
where both components have identical radius L.
The Maldacena limit [1] corresponds to keeping fixed gs and N as well as all physical
length scales, while letting α′ → 0. Remarkably, this limit of string theory exists and is
(very !) interesting. In the Maldacena limit, only the AdS5 × S5 region of the D3-brane
geometry survives the limit and contributes to the string dynamics of physical processes,
while the dynamics in the asymptotically flat region decouples from the theory.
To see this decoupling in an elementary way, consider a physical quantity, such as the
effective action L and carry out its α′ expansion in an arbitrary background with Riemann
tensor, symbolically denoted by R. The expansion takes on the schematic form
L = a1α′R + a2(α′)2R2 + a3(α′)3R3 + · · · (5.5)
Now physical objects and length scales in the asymptotically flat region are characterized
by a scale y ≫ L, so that by simple scaling arguments we have R ∼ 1/y2. Substitution
this behavior into (5.5) yields the following expansion of the effective action,
L = a1α′ 1
y2
+ a2(α
′)2
1
y4
+ a3(α
′)3
1
y6
+ · · · (5.6)
Keeping the physical size y fixed, the entire contribution to the effective action from the
limit α′ → 0 is then seen to vanish.
A more precise way of establishing this decoupling is by taking the Maldacena limit
directly on the string theory non-linear sigma model in the D3 brane background. We shall
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concentrate here on the metric part, thereby ignoring the contributions from the tensor field
F+5 . We denote theD = 10 coordinates by x
M ,M = 0, 1, · · · , 9, and the metric by GMN(x).
The first 4 coordinates coincide with xµ of the Poincare´ invariant D3 worldvolume, while
the coordinates on the 5-sphere are xM for M = 5, · · · , 9 and x4 = u. The full D3 brane
metric of (5.1) takes the form ds2 = GMNdx
MdxN = L2G¯MN(x;L)dx
MdxN , where the
rescaled metric G¯MN is given by
G¯MN(x;L)dx
MdxN =
(
1 +
L4
u4
) 1
2
(
du2
u2
+ dΩ25) +
(
1 +
L4
u4
)− 1
2 1
u2
ηijdx
idxj (5.7)
Inserting this metric into the non-linear sigma model, we obtain
SG =
1
4πα′
∫
Σ
√
γγmnGMN(x)∂mx
M∂nx
N =
L2
4πα′
∫
Σ
√
γγmnG¯MN(x;L)∂mx
M∂nx
N (5.8)
The overall coupling constant for the sigma model dynamics is given by
L2
4πα′
=
√
λ
4π
λ ≡ gsN (5.9)
Keeping gs and N fixed but letting α
′ → 0 implies that L→ 0. Under this limit the sigma
model action admits a smooth limit, given by
SG =
√
λ
4π
∫
Σ
√
γγmnG¯MN(x; 0)∂mx
M∂nx
N (5.10)
where the metric G¯MN(x; 0) is the metric on AdS5 × S5,
G¯MN(x;L)dx
MdxN =
1
u2
ηijdx
idxj +
du2
u2
+ dΩ25 (5.11)
rescaled to unit radius. Manifestly, the coupling 1/
√
λ has taken over the role of α′ as the
non-linear sigma model coupling constant and the radius L has cancelled out.
5.3 Geometry of Minkowskian and Euclidean AdS
Before moving on to the actual Maldacena conjecture, we clarify the geometry of AdS
space-time, both with Minkowskian and Euclidean signatures. Minkowskian AdSd+1 (of
unit radius) may be defined in Rd+1 with coordinates (Y−1, Y0, Y1, · · · , Yd) as the d + 1
dimensional connected hyperboloid with isometry SO(2, d) given by the equation
−Y 2−1 − Y 20 + Y 21 + · · ·+ Y 2d = −1 (5.12)
with induced metric ds2 = −dY 2−1− dY 20 + dY 21 + · · ·+ dY 2d . The topology of the manifold
is that of the cylinder S1×R times the sphere Sd−1, and is therefore not simply connected.
The topology of the boundary is consequently given by ∂AdSd+1 = S
1×Sd−1. The manifold
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(a) (b) (c)
−1
Figure 4: Anti-de Sitter Space (a) Euclidean, (b) Minkowskian, (c) upper half space
may be represented by the coset SO(2, d)/SO(1, d). A schematic rendition of the manifold
is given in Fig. 4 (a), with r2 = Y 21 + · · ·+ Y 2d .
Euclidean AdSd+1 (of unit radius) may be defined in Minkowski flat space R
d+1 with
coordinates (Y−1, Y0, Y1, · · · , Yd) as the d + 1 dimensional disconnected hyperboloid with
isometry SO(1, d) given by the equation
−Y 2−1 + Y 20 + Y 21 + · · ·+ Y 2d = −1 (5.13)
with induced metric ds2 = −dY 2−1+ dY 20 + dY 21 + · · ·+ dY 2d . The topology of the manifold
is that of Rd+1. The topology of the boundary is that of the d-sphere, ∂AdSd+1 = S
d. The
manifold may be represented by the coset SO(1, d+ 1)/SO(d+ 1). A schematic rendition
of the manifold is given in Fig. 4 (b), with r2 = Y 20 + Y
2
1 + · · · + Y 2d . Introducing the
coordinates Y−1 + Y0 = 1z0 and zi = z0Yi for i = 1, · · · , d, we may map Euclidean AdSd+1
onto the upper half space Hd+1 with Poincare´ metric ds
2, defined by
Hd+1 = {(z0, ~z), z0 ∈ R+, ~z ∈ Rd} ds2 = 1
z20
(dz20 + d~z
2) (5.14)
A schematic rendition is given in Fig. 4 (c). A standard stereographic transformation may
be used to map Hd+1 onto the unit ball.
5.4 The AdS/CFT Conjecture
The AdS/CFT or Maldacena conjecture states the equivalence (also referred to as duality)
between the following theories [1]
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• Type IIB superstring theory on AdS5 × S5 where both AdS5 and S5 have the same
radius L, where the 5-form F+5 has integer flux N =
∫
S5 F
+
5 and where the string
coupling is gs;
• N = 4 super-Yang-Mills theory in 4-dimensions, with gauge group SU(N) and Yang-
Mills coupling gYM in its (super)conformal phase;
with the following identifications between the parameters of both theories,
gs = g
2
YM L
4 = 4πgsN(α
′)2 (5.15)
and the axion expectation value equals the SYM instanton angle 〈C〉 = θI . Precisely what
is meant by equivalence or duality will be the subject of the remainder of this section, as
well as of the next one. In brief, equivalence includes a precise map between the states
(and fields) on the superstring side and the local gauge invariant operators on the N = 4
SYM side, as well as a correspondence between the correlators in both theories.
The above statement of the conjecture is referred to as the strong form, as it is to
hold for all values of N and of gs = g
2
YM . String theory quantization on a general curved
manifold (including AdS5×S5), however, appears to be very difficult and is at present out
of reach. Therefore, it is natural to seek limits in which the Maldacena conjecture becomes
more tractable but still remains non-trivial.
5.4.1 The ‘t Hooft Limit
The ‘t Hooft limit consists in keeping the ‘t Hooft coupling λ ≡ g2YMN = gsN fixed and
letting N → ∞. In Yang-Mills theory, this limit is well-defined, at least in perturbation
theory, and corresponds to a topological expansion of the field theory’s Feynman diagrams.
On the AdS side, one may interpret the ‘t Hooft limit as follows. The string coupling may
be re-expressed in terms of the ‘t Hooft coupling as gs = λ/N . Since λ is being kept fixed,
the ‘t Hooft limit corresponds to weak coupling string perturbation theory.
This form of the conjecture, though weaker than the original version is still a very
powerful correspondence between classical string theory and the large N limit of gauge
theories. The problem of finding an action built out of classical fields to which the large
N limit of gauge theories are classical solutions is a challenge that had been outstanding
since ‘t Hooft’s original paper [8]. The above correspondence gives a concrete, though still
ill-understood, realization of this “large N master-equation”.
5.4.2 The Large λ Limit
In taking the ‘t Hooft limit, λ = gsN is kept fixed while N →∞. Once this limit has been
taken, the only parameter left is λ. Quantum field theory perturbation theory corresponds
to λ ≪ 1. On the AdS side of the correspondence, it is actually natural to take λ ≫ 1
instead. It is very instructive to establish the meaning of an expansion around λ large.
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• N = 4 conformal SYM • Full Quantum Type IIB string
all N , gYM ⇔ theory on AdS5 × S5
• gs = g2YM • L4 = 4πgsNα′2
• ‘t Hooft limit of N = 4 SYM • Classical Type IIB string theory
λ = g2YMN fixed, N →∞ ⇔ on AdS5 × S5
• 1/N expansion • gs string loop expansion
• Large λ limit of N = 4 SYM • Classical Type IIB supergravity
(for N →∞) ⇔ on AdS5 × S5
• λ−1/2 expansion • α′ expansion
Table 5: The three forms of the AdS/CFT conjecture in order of decreasing strength
To do, we expand in powers of α′ a physical quantity such as the effective action, as we
already did in (5.5),
L = a1α′R + a2(α′)2R2 + a3(α′)3R3 + · · · (5.16)
The distance scales in which we are now interested are those typical of the throat, whose
scale is set by the AdS radius L. Thus, the scale of the Riemann tensor is set by
R ∼ 1/L2 = (gsN)− 12/α′ = λ− 12/α′ (5.17)
and therefore, the expansion of the effective action in powers of α′ effectively becomes an
expansion in powers of λ−
1
2 ,
L = a1λ− 12 + a2λ−1 + a3(α′)3λ− 32 + · · · (5.18)
The interchange of the roles of α′ and λ−1/2 may also be seen directly from the worldsheet
non-linear sigma model action of (5.10). Clearly, any α′ dependence has disappeared from
the string theory problem and the role of α′ as a scale has been replaced by the parameter
λ−1/2.
5.5 Mapping Global Symmetries
A key necessary ingredient for the AdS/CFT correspondence to hold is that the global
unbroken symmetries of the two theories be identical. The continuous global symmetry
of N = 4 super-Yang-Mills theory in its conformal phase was previously shown to be the
superconformal group SU(2, 2|4), whose maximal bosonic subgroup is SU(2, 2)×SU(4)R ∼
SO(2, 4)×SO(6)R. Recall that the bosonic subgroup arises as the product of the conformal
group SO(2, 4) in 4-dimensions by the SU(4)R automorphism group of the N = 4 Poincare´
supersymmetry algebra. This bosonic group is immediately recognized on the AdS side as
the isometry group of the AdS5× S5 background. The completion into the full supergroup
SU(2, 2|4) was discussed for the SYM theory in subsection §3.3, and arises on the AdS side
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because 16 of the 32 Poincare´ supersymmetries are preserved by the array of N parallel D3-
branes, and in the AdS limit, are supplemented by another 16 conformal supersymmetries
(which are broken in the full D3-brane geometry). Thus, the global symmetry SU(2, 2|4)
matches on both sides of the AdS/CFT correspondence.
N = 4 super-Yang-Mills theory also has Montonen-Olive or S-duality symmetry, real-
ized on the complex coupling constant τ by Mo¨bius transformations in SL(2,Z). On the
AdS side, this symmetry is a global discrete symmetry of Type IIB string theory, which is
unbroken by the D3-brane solution, in the sense that it maps non-trivially only the dilaton
and axion expectation values, as was shown earlier. Thus, S-duality is also a symmetry of
the AdS side of the AdS/CFT correspondence. It must be noted, however, that S-duality
is a useful symmetry only in the strongest form of the AdS/CFT conjecture. As soon as
one takes the ‘t Hooft limit N → ∞ while keeping λ = g2YMN fixed, S-duality no longer
has a consistent action. This may be seen for θI = 0, where it maps gYM → 1/gYM and
thus λ→ N2/λ.
5.6 Mapping Type IIB Fields and CFT Operators
Given that we have established that the global symmetry groups on both sides of the
AdS/CFT correspondence coincide, it remains to show that the actual representations of
the supergroup SU(2, 2|4) also coincide on both sides. The spectrum of operators on the
SYM side was explained already in subsection §3.5. Suffice it to recall here the special
significance of the short multiplet representations, namely 1/2 BPS representations with a
span of spin 2, 1/4 BPS representations with a span of spin 3 and 1/8 BPS representations
with a span of spin 7/2. Non-BPS representations in general have a span of spin 4.
A special role is played by the single color trace operators because out of them, all
higher trace operators may be constructed using the OPE. Thus one should expect single
trace operators on the SYM side to correspond to single particle states (or canonical
fields) on the AdS side [1]; see also [48]. Multiple trace states should then be interpreted as
bound states of these one particle states. Multiple trace BPS operators have the property
that their dimension on the AdS side is simply the sum of the dimensions of the BPS
constituents. Such bound states occur in the spectrum at the lower edge of the continuum
threshold and are therefore called threshold bound states. A good example to keep in mind
when thinking of threshold bound states in ordinary quantum field theory is another case
of BPS objects : magnetic monopoles [49] in the Prasad-Sommerfield limit [14] (or exactly
in the Coulomb phase of N = 4 SYM). A collection of N magnetic monopoles with like
charges forms a static solution of the BPS equations and therefore form a threshold bound
state. Very recently, a direct coupling of double-trace operators to AdS supergravity has
been studied in [50].
To identify the contents of irreducible representations of SU(2, 2|4) on the AdS side,
we describe all Type IIB massless supergravity and massive string degrees of freedom by
fields ϕ living on AdS5×S5. We introduce coordinates zµ, µ = 0, 1, · · · , 4 for AdS5 and yu,
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u = 1, · · · , 5 for S5, and decompose the metric as
ds2 = gAdSµν dz
µdzν + gSuvdy
udyv (5.19)
The fields then become functions ϕ(z, y) associated with the various D = 10 degrees of
freedom. It is convenient to decompose ϕ(z, y) in a series on S5,
ϕ(z, y) =
∞∑
∆=0
ϕ∆(z)Y∆(y) (5.20)
where Y∆ stands for a basis of spherical harmonics on S
5. For scalars for example, Y∆ are
labelled by the rank ∆ of the totally symmetric traceless representations of SO(6). Just as
fields on a circle received a mass contribution from the momentum mode on the circle, so
also do fields compactified on S5 receive a contribution to the mass. From the eigenvalues
of the Laplacian on S5, for various spins, we find the following relations between mass and
scaling dimensions,
scalars m2 = ∆(∆− 4)
spin 1/2, 3/2 |m| = ∆− 2
p− form m2 = (∆− p)(∆ + p− 4)
spin2 m2 = ∆(∆− 4) (5.21)
The complete correspondence between the representations of SU(2, 2|4) on both sides of
the correspondence is given in Table 6. The mapping of the descendant states is also very
interesting. For the D = 10 supergravity multiplet, this was worked out in [51], and is
given in Table 7. Generalizations to AdS4×S7 were discussed in [52, 53, 54] while those to
AdS7×S4 were discussed in [55, 56], with recent work on AdS/CFT for M-theory on these
spaces in [57, 58, 59, 60]. General reviews may be found in [61], [62]. Recently, conjectures
involving also de Sitter space-times have been put forward in [63] and references therein.
Finally, we point out that the existence of singleton and doubleton representations of the
conformal group SO(2,4) is closely related with the AdS/CFT correspondence; for recent
accounts, see [64], [65], [66] and [67] and references therein. Additional references on the
(super)symmetries of AdS are in [68], [69] and [70].
5.7 Problem Sets
(5.1) The Poincare´ upper half space is defined by Hd+1 = {(z0, ~z) ∈ Rd+1, z0 > 0} with
metric ds2 = (dz20 + d~z
2)/z20 . (a) Show – by solving the geodesic equations – that the
geodesics of Hd+1 are the half-circles of arbitrary radius R, centered at an arbitrary point
(0,~c) on the boundary of Hd+1. Compute the geodesic distance between any two arbitrary
points.
(5.2) We now represent Euclidean AdSd+1 as the manifold in R
d+2 given by the equation
−Y 2−1 + Y 20 + ~Y 2 = −1, with induced metric ds2 = −dY 2−1 + dY 20 + d~Y 2. Show that the
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Type IIB string theory N = 4 conformal super-Yang-Mills
Supergravity Excitations Chiral primary + descendants
1/2 BPS, spin ≤ 2 O2 = trX{iXj} + desc.
Supergravity Kaluza-Klein Chiral primary + Descendants
1/2 BPS, spin ≤ 2 O∆ = trX{i1 · · ·X i∆} + desc.
Type IIB massive string modes Non-Chiral operators, dimensions ∼ λ1/4
non-chiral, long multiplets e.g. Konishi trX iX i
Multiparticle states products of operators at distinct points
O∆1(x1) · · ·O∆n(xn)
Bound states product of operators at same point
O∆1(x) · · ·O∆n(x)
Table 6: Mapping of String and Sugra states onto SYM Operators
geodesics found in problem (5.1) above are simply the sections by planes through the
origin, given by the equation
Y−1 − Y0 = (R2 − ~c2)(Y−1 + Y0) + 2~c · ~Y
(You may wish to explore the analogy with the geometry and geodesics of the sphere Sd+1.)
(5.3) The geodesic distance between two separate D3 branes is actually infinite, as may be
seen by integrating the infinitesimal distance ds of the D3 metric. Using the worldsheet
action of a string suspended between the two D3 branes, explain why this string still has
a finite mass spectrum.
(5.4) Consider a classical bosonic string in AdSd+1 space-time, with its dynamics governed
by the Polyakov action, namely in the presence of the AdSd+1 metric Gµν(x). (We ignore
the anti-symmetric tensor fields for simplicity.)
S[x] =
∫
Σ
d2ξ
√
γγmn∂mx
µ∂nx
νGµν(x)
Solve the string equations assuming a special Ansatz that the solution be spherically
symmetric, i.e. invariant under the SO(d) subgroup of SO(2, d).
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SYM Operator desc SUGRA dim spin Y SU(4)R lowest reps
Ok ∼ trXk, k ≥ 2 – hαα aαβγδ k (0, 0) 0 (0, k, 0) 20’,50,105
O(1)k ∼ trλXk, k ≥ 1 Q ψ(α) k + 32 (12 , 0) 12 (1, k, 0) 20,60,140’
O(2)k ∼ trλλXk Q2 Aαβ k + 3 (0, 0) 1 (2, k, 0) 10c,45c,126c
O(3)k ∼ trλλ¯Xk QQ¯ hµα aµαβγ k + 3 (12 , 12) 0 (1, k, 1) 15,64,175
O(4)k ∼trF+Xk, k ≥ 1 Q2 Aµν k + 2 (1, 0) 1 (0, k, 0) 6c,20c,50c
O(5)k ∼ trF+λ¯Xk Q2Q¯ ψµ k + 72 (1, 12) 12 (0, k, 1) 4∗, 20∗, 60∗
O(6)k ∼ trF+λXk Q3 “λ” k + 72 (12 , 0) 32 (1, k, 0) 4,20,60
O(7)k ∼ trλλλ¯Xk Q2Q¯ ψ(α) k + 92 (0, 12) 12 (2, k, 1) 36,140,360
O(8)k ∼ trF 2+Xk Q4 B k + 4 (0, 0) 2 (0, k, 0) 1c,6c,20’c
O(9)k ∼ trF+F−Xk Q2Q¯2 h′µν k + 4 (1, 1) 0 (0, k, 0) 1,6,20’
O(10)k ∼ trF+λλ¯Xk Q3Q¯ Aµα k + 5 (12 , 12) 1 (1, k, 1) 15,64,175
O(11)k ∼ trF+λ¯λ¯Xk Q2Q¯2 aµναβ k + 5 (1, 0) 0 (0, k, 2) 10c,45c,126c
O(12)k ∼ trλλλ¯λ¯Xk Q2Q¯2 h(αβ) k + 6 (0, 0) 0 (2, k, 2) 84,300,2187
O(13)k ∼ trF 2+λ¯Xk Q4Q¯ “λ” k + 112 (0, 12) 32 (0, k, 1) 4∗, 20∗, 60∗
O(14)k ∼ trF+λλ¯λ¯Xk Q3Q¯2 ψ(α) k + 132 (12 , 0) 12 (1, k, 2) 36∗,140∗,360∗
O(15)k ∼ trF+F−λXk Q3Q¯2 ψµ k + 112 (12 , 1) 12 (1, k, 0) 4,20,60
O(16)k ∼ trF+F 2−Xk Q4Q¯2 Aµν k + 6 (1, 0) 1 (0, k, 0) 1c,6c,20’c
O(17)k ∼trF+F−λλ¯Xk Q3Q¯3 hµα aµαβγ k + 7 (12 , 12) 0 (1, k, 1) 15,64,175
O(18)k ∼trF 2+λ¯λ¯Xk Q4Q¯2 Aαβ k + 7 (0, 0) 1 (0, k, 2) 10c,45c,126c
O(19)k ∼trF 2+F−λ¯Xk Q4Q¯3 ψ(α) k + 152 (0, 12) 12 (0, k, 1) 4∗, 20∗, 60∗
O(20)k ∼trF 2+F 2−Xk Q4Q¯4 hαα aαβγδ k + 8 (0, 0) 0 (0, k, 0) 1,6,20’
Table 7: Super-Yang-Mills Operators, Supergravity Fields and SO(2, 4)×U(1)Y ×SU(4)R
Quantum Numbers. The range of k is k ≥ 0, unless otherwise specified.
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6 AdS/CFT Correlation Functions
In the preceding section, evidence was presented for the Maldacena correspondence be-
tween N = 4 super-conformal Yang-Mills theory with SU(N) gauge group and Type IIB
superstring theory on AdS5 × S5. The evidence was based on the precise matching of the
global symmetry group SU(2, 2|4), as well as of the specific representations of this group.
In particular, the single trace 1/2 BPS operators in the SYM theory matched in a one-
to-one way with the canonical fields of supergravity, compactified on AdS5 × S5. In the
present section, we present a more detailed version of the AdS/CFT correspondence by
mapping the correlators on both sides of the correspondence.
6.1 Mapping Super Yang-Mills and AdS Correlators
We work with Euclidean AdS5, or H = {(z0, ~z), z0 > 0, ~z ∈ R4} with Poincare´ metric
ds2 = z−20 (dz
2
0 + d~z
2), and boundary ∂H = R4. (Often, this space will be graphically
represented as a disc, whose boundary is a circle; see Fig. 5.) The metric diverges at the
boundary z0 = 0, because the overall scale factor blows up there. This scale factor may
be removed by a Weyl rescaling of the metric, but such rescaling is not unique. A unique
well-defined limit to the boundary of AdS5 can only exist if the boundary theory is scale
invariant [3]. For finite values of z0 > 0, the geometry will still have 4-dimensional Poincare´
invariance but need not be scale invariant.
Superconformal N = 4 Yang-Mills theory is scale invariant and may thus consistently
live at the boundary ∂H . The dynamical observables of N = 4 SYM are the local gauge
invariant polynomial operators described in section 3; they naturally live on the bound-
ary ∂H , and are characterized by their dimension, Lorentz group SO(1, 3) and SU(4)R
quantum numbers [3].
On the AdS side, we shall decompose all 10-dimensional fields onto Kaluza-Klein towers
on S5, so that effectively all fields ϕ∆(z) are on AdS5, and labeled by their dimension ∆
(other quantum number are implicit). Away from the bulk interaction region, it is assumed
that the bulk fields are free asymptotically (just as this is assumed in the derivation of
the LSZ formalism in flat space-time quantum field theory). The free field then satisfies
( + m2∆)ϕ
0
∆ = 0 with m
2
∆ = ∆(∆ − 4) for scalars. The two independent solutions are
characterized by the following asymptotics as z0 → 0,
ϕ0∆(z0, ~z) =

z∆0 normalizable
z4−∆0 non-normalizable
(6.1)
Returning to the interacting fields in the fully interacting theory, solutions will have the
same asymptotic behaviors as in the free case. It was argued in [71] that the normalizable
modes determine the vacuum expectation values of operators of associated dimensions and
quantum numbers. The non-normalizable solutions on the other hand do not correspond to
bulk excitations because they are not properly square normalizable. Instead, they represent
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the coupling of external sources to the supergravity or string theory. The precise corre-
spondence is as follows [3]. The non-normalizable solutions ϕ∆ define associated boundary
fields ϕ¯∆ by the following relation
ϕ¯∆(~z) ≡ lim
z0→0
ϕ∆(z0, ~z)z
4−∆
0 (6.2)
Given a set of boundary fields ϕ¯∆(~z), it is assumed that a complete and unique bulk
solution to string theory exists. We denote the fields of the associated solution ϕ∆.
The mapping between the correlators in the SYM theory and the dynamics of string
theory is given as follows [3, 2]. First, we introduce a generating functional Γ[ϕ¯∆] for all
the correlators of single trace operators O∆ on the SYM side in terms of the source fields
ϕ¯∆,
exp{−Γ[ϕ¯∆]} ≡ 〈exp
{∫
∂H
ϕ¯∆O∆
}
〉 (6.3)
This expression is understood to hold order by order in a perturbative expansion in the
number of fields ϕ¯∆. On the AdS side, we assume that we have an action S[ϕ∆] that
summarizes the dynamics of Type IIB string theory on AdS5 × S5. In the supergravity
approximation, S[ϕ∆] is just the Type IIB supergravity action on AdS5 × S5. Beyond the
supergravity approximation, S[ϕ∆] will also include α
′ corrections due to massive string
effects. The mapping between the correlators is given by
Γ[ϕ¯∆] = extr S[ϕ∆] (6.4)
where the extremum on the rhs is taken over all fields ϕ∆ that satisfy the asymptotic
behavior (6.2) for the boundary fields ϕ¯∆ that are the sources to the SYM operators O∆
on the lhs. Additional references on the field-state-operator mapping may be found in [72],
[73], [74], [77], [75] and [76].
6.2 Quantum Expansion in 1/N – Witten Diagrams
The actions of interest to us will have an overall coupling constant factor. For example,
the part of the Type IIB supergravity action for the dilaton Φ and the axion C in the
presence of a metric Gµν in the Einstein frame, is given by
S[G,Φ, C] =
1
2κ25
∫
H
√
G
[
−RG + Λ + 1
2
∂µΦ∂
µΦ +
1
2
e2Φ∂µC∂
µC
]
(6.5)
and the 5-dimensional Newton constant κ25 is given by κ
2
5 = 4π
2/N2, a relation that will
be explained and justified in (8.3). For large N , κ5 will be small and one may perform a
small κ5, i.e. a semi-classical expansion of the correlators generated by this action. The
result is a set of rules, analogous to Feynman rules, which may be summarized by Witten
diagrams. The Witten diagram is represented by a disc, whose interior corresponds to the
interior of AdS while the boundary circle corresponds to the boundary of AdS [3]. The
graphical rules are as follows,
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• Each external source to ϕ¯∆(~xI) is located at the boundary circle of the Witten
diagram at a point ~xI .
• ¿From the external source at ~xI departs a propagator to either another boundary
point, or to an interior interaction point via a boundary-to-bulk propagator.
• The structure of the interior interaction points is governed by the interaction vertices
of the action S, just as in Feynman diagrams.
• Two interior interaction points may be connected by bulk-to-bulk propagators, again
following the rules of ordinary Feynman diagrams.
(a) (b) (c) (d) (e)
  AdS
boundary AdS
Figure 5: Witten diagrams (a) empty, (b) 2-pt, (c) 3-pt, (d) 4-pt contact, (e) exchange
Tree-level 2-, 3- and 4-point function contributions are given as an example in figure 5.
The approach that will be taken here is based on the component formulation of sugra. It
is possible however to make progress directly in superspace [78], but we shall not discuss
this here.
6.3 AdS Propagators
We shall define and list the solution for the propagators of general scalar fields, of massless
gauge fields and massless gravitons. The propagators are considered in Euclidean AdSd+1,
a space that we shall denote by H . Recall that the Poincare´ metric is given by
ds2 = gµνdz
µdzν = z−20 (dz
2
0 + d~z
2) (6.6)
Here, we have set the AdSd+1 radius to unity. By SO(1, d+ 1) isometry of H , the Green
functions essentially depend upon the SO(1, d+ 1)-invariant distance between two points
in H . The geodesic distance is given by (see problem 5.1)
d(z, w) =
∫ z
w
ds = ln
(
1 +
√
1− ξ2
ξ
)
ξ ≡ 2z0w0
z20 + w
2
0 + (~z − ~w)2
(6.7)
Given its algebraic dependence on the coordinates, it is more convenient to work with the
object ξ than with the geodesic distance. The chordal distance is given by u = ξ−1 − 1.
The distance relation may be inverted to give u = ξ−1 − 1 = cosh d− 1.
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The massive scalar bulk-to-bulk propagator
Let ϕ∆(z) be a scalar field of conformal weight ∆ and mass
2 m2 = ∆(∆ − d) whose
linearized dynamics is given by a coupling to a scalar source J via the action
Sϕ∆ =
∫
H
dd+1z
√
g
[
1
2
gµν∂µϕ∆∂νϕ∆ +
1
2
m2ϕ2∆ − ϕ∆J
]
(6.8)
The field is then given in response to the source by
ϕ∆(z) =
∫
H
dd+1z′
√
gG∆(z, z
′)J(z′) (6.9)
where the scalar Green function satisfies the differential equation
( g +m
2)G∆(z, z
′) = δ(z, z′) δ(z, z′) ≡ 1√
g
δ(z − z′) (6.10)
The (positive) scalar Laplacian is given by
g = − 1√
g
∂µ
√
ggµν∂ν = −z20∂20 + (d− 1)z0∂0 − z20
d∑
i=1
∂2i (6.11)
The scalar Green function is the solution to a hypergeometric equation, given by [85],v
G∆(z, w) = G∆(ξ) =
2−∆C∆
2∆− dξ
∆F
(
∆
2
,
∆
2
+
1
2
;∆− d
2
+ 1; ξ2
)
(6.12)
where the overall normalization constant is defined by
C∆ =
Γ(∆)
πd/2Γ(∆− d
2
)
(6.13)
Since 0 ≤ ξ ≤ 1, the hypergeometric function is defined by its convergent Taylor series for
all ξ except at the coincident point ξ = 1 where z = w.
The massive scalar boundary-to-bulk propagator
An important limiting case of the scalar bulk-to-bulk propagator is when the source is
on the boundary of H . The action to linearized order is given by
Sϕ∆ =
∫
H
dd+1z
√
g
[
1
2
gµν∂µϕ∆∂νϕ∆ +
1
2
m2ϕ2∆
]
−
∫
∂H
dd~z ϕ¯∆(~z)J¯(~z) (6.14)
where the bulk field ϕ∆ is related to the boundary field ϕ¯∆ by the limiting relation,
ϕ¯∆(~z) = lim
z0→∞
z∆−d0 ϕ∆(z0, ~z) (6.15)
vThe study of quantum Liouville theory with a SO(2,1) invariant vacuum [86] is closely related to the
study of AdS2, as was shown in [87]. Propagators and amplitudes were studied there long ago [86] and
the N = 1 supersymmetric generalization is also known [88].
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The corresponding boundary-to-bulk propagator is the Poisson kernel, [3],
K∆(z, ~x) = C∆
(
z0
z20 + (~z − ~x)2
)∆
(6.16)
The bulk field generated in response to the boundary source J¯ is given by
ϕ∆(z) =
∫
∂H
dd~z K∆(z, ~x)J¯(~x) (6.17)
This propagator will be especially important in the AdS/CFT correspondence.
The gauge propagator
Let Aµ(z) be a massless or massive gauge field, whose linearized dynamics is given by
a coupling to a covariantly conserved bulk current jµ via the action
SA =
∫
H
dd+1z
√
g
[
1
4
FµνF
µν +
1
2
m2AµA
µ − Aµjµ
]
(6.18)
It would be customary to introduce a gauge fixing term, such as Feynman gauge, to
render the second order differential operator acting on Aµ invertible when m = 0. A more
convenient way to proceed is to remark that the differential operator needs to be inverted
only on the subspace of all jµ that are covariantly conserved. The gauge propagator is a
bivector Gµν′(z, z
′) which satisfies
− 1√
g
∂σ
(√
ggσρ∂[ρGµ]ν′(z, z
′)
)
+m2Gµν′(z, z
′) = gµνδ(z, z′) + ∂µ∂ν′Λ(u) (6.19)
The term in Λ is immaterial when integrated against a covariantly conserved current. For
the massless case, the gauge propagator is given by, [79, 80], see also [89],
Gµν′(z, z
′) = −(∂µ∂ν′u)F (u) + ∂µ∂ν′S(u) (6.20)
where S is a gauge transformation function, while the physical part of the propagator takes
the form,
F (u) =
Γ((d− 1)/2)
4π(d+1)/2
1
[u(u+ 2)](d−1)/2
(6.21)
The massless graviton propagator
The action for matter coupled to gravity in an AdS background is given by
Sg =
1
2
∫
H
dd+1z
√
g(−Rg + Λ) + Sm (6.22)
where Rg is the Ricci scalar for the metric g and Λ is the “cosmological constant”. Sm is
the matter action, whose variation with respect to the metric is, by definition, the stress
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tensor Tµν . The stress tensor is covariantly conserved ∇µT µν = 0. Einstein’s equations
read
Rµν − 1
2
gµν(Rg − Λ) = Tµν Tµν = δSm√
gδgµν
(6.23)
We take Λ = −d(d − 1), so that in the absence of matter sources, we obtain Euclidean
AdS= H with Rg = −d(d+1) as the maximally symmetric solution. To obtain the equation
for the graviton propagatorGµν;µ′ν′(z, w), it suffices to linearize Einstein’s equations around
the AdS metric in terms of small deviations hµν = δgµν of the metric. One find
hµν(z) =
∫
H
dd+1w
√
gGµν;µ′ν′(z, w)T
µ′ν′(w) (6.24)
where the graviton propagator satisfies
Wµν
κλGκλµ′ν′ =
(
gµµ′gνν′ + gµν′gνµ′ − 2gµνgµ
′ν′
d− 1
)
δ(z, w) +∇µ′Λµν;ν′ +∇ν′Λµν;µ′
and the differential operator W is defined by
Wµν
κλGκλµ′ν′ ≡ −∇σ∇σGµν;µ′ν′ −∇µ∇νGσσ;µ′ν′ +∇µ∇σGσν;µ′ν′
+∇ν∇σGµσ;µ′ν′ − 2Gµν;µ′ν′ + 2gµνGσσ;µ′ν′ (6.25)
The solution to this equation is obtained by decomposing G onto a basis of 5 irreducible
SO(1, d)-tensors, which may all be expressed in terms of the metric gµν and the derivatives
of the chordal distance ∂µu, ∂µ∂ν′u etc. One finds that three linear combinations of these
5 tensors correspond to diffeomorphisms, so that we have
Gµν;µ′ν′ = (∂µ∂µ′u ∂ν∂ν′u+ ∂µ∂ν′u ∂ν∂µ′u)G(u) + gµνgµ′ν′H(u)
+∇(µSν);µ′ν′ +∇(µ′Sµν);ν′) (6.26)
The functions G precisely obeys the equation for a massless scalar propagator G∆(u) with
∆ = d, so that G(u) = Gd(u). The function H(u) is then given by
−(d − 1)H(u) = 2(1 + u)2G(u) + 2(d− 2)(1 + u)
∫ u
∞
dvG(v) (6.27)
which may also be expressed in terms of hypergeometric functions. The graviton propa-
gator was derived using the above methods, or alternatively in De Donder gauge in [80].
Propagators for other fields, such as massive tensor and form fields were constructed in
[81] and [82]; see also [83] and [84].
6.4 Conformal Structure of 1- 2- and 3- Point Functions
Conformal invariance is remarkably restrictive on correlation functions with 1, 2, and 3
conformal operators [90]. We illustrate this point for correlation functions of superconfor-
mal primary operators, which are all scalars.
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The 1-point function is given by
〈O∆(x)〉 = δ∆,0 (6.28)
Indeed, by translation invariance, this object must be independent of x, while by scaling
invariance, an x-independent quantity can have dimension ∆ only when ∆ = 0, in which
case when have the identity operator.
The 2-point function is given by
〈O∆1(x1)O∆2(x2)〉 =
δ∆1,∆2
|x1 − x2|2∆1 (6.29)
Indeed, by Poincare´ symmetry, this object only depends upon (x1 − x2)2; by inversion
symmetry, it must vanish unless ∆1 = ∆2; by scaling symmetry one fixes the exponent;
and by properly normalizing the operators, the 2-point function may be put in diagonal
form with unit coefficients.
The 3-point function is given by
〈O∆1(x1)O∆2(x2)O∆3(x3)〉 =
c∆1∆2∆3(gs, N)
|x1 − x2|∆−2∆3|x2 − x3|∆−2∆1|x3 − x1|∆−2∆2 (6.30)
where ∆ = ∆1 + ∆2 + ∆3. The coefficient c∆1∆2∆3 is independent of the xi and will in
general depend upon the coupling g2YM of the theory and on the Yang-Mills gauge group
through N .
6.5 SYM Calculation of 2- and 3- Point Functions
All that is needed to compute the SYM correlation functions of the composite operators
O∆(x) ≡ 1
n∆
strX i1(x) · · ·X i∆(x) (6.31)
to Born level (order g0YM) is the propagator of the scalar field
〈X ic(x1)Xjc′(x2)〉 = δ
ijδcc
′
4π2(x1 − x2)2 (6.32)
where c is a color index running over the adjoint representation of SU(N) while i = 1, · · · , 6
labels the fundamental representation of SO(6). Clearly, the 2- and 3- point functions have
the space-time behavior expected from the preceding discussion of conformal invariance.
Normalizing the 2-point function as below, we have n2k = str(T
c1 · · ·T ck)str(T c1 · · ·T ck).
〈O∆1(x1)O∆2(x2)〉 =
δ∆1,∆2
(x1 − x2)2∆1
〈O∆1(x1)O∆2(x2)O∆3(x3)〉 ∼
1
(x1 − x2)∆12(x2 − x3)∆23(x3 − x1)∆31 (6.33)
Using the fact that the number ∆i of propagators emerging from operator O∆i equals
the sum ∆ij + ∆ik, we find 2∆ij = ∆i + ∆j −∆k, in agreement with (6.30). The precise
numerical coefficients may be worked out with the help of the contractions of color traces.
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6.6 AdS Calculation of 2- and 3- Point Functions
On the AdS side, the 2-point function to lowest order is obtained by taking the boundary-
to-bulk propagator K∆(z, ~x) for a field with dimension ∆ and extracting the z
∆
0 behavior
as z0 → 0, which gives
lim
z0→0
z−∆0 K∆(z, ~x) ∼
1
(~z − ~x)2∆ (6.34)
in agreement with the behavior predicted from conformal invariance [91].
The 3-point function involves an integral over the intermediate supergravity interaction
point, and is given by
G(∆1,∆2,∆3)
∫
S5
Y∆1Y∆2Y∆3
∫
H
d5z
z50
3∏
i=1
C∆i
(
z0
z20 + (~z − ~xi)2
)∆i
(6.35)
where G(∆1,∆2,∆3) stands for the supergravity 3-point coupling and the second factor
is the integrals over the spherical harmonics of S5. To carry out the integral over H , one
proceeds in three steps. First, use a translation to set ~x3 = 0. Second, use an inversion
about 0, given by zµ → zµ/z2 to set ~x′3 =∞. Third, having one point at∞, one may now
use translation invariance again, to obtain for the H-integral
∼ (x′13)2∆1(x′23)2∆2
∫
H
d5z
z50
z∆1+∆2+∆30
z2∆1 [z20 + (~z − ~x′13 − ~x′23)2]∆2
(6.36)
Carrying out the ~z integral using a Feynman parametrization of the integral and then
carrying out the z0 integral, one recovers again the general space-time dependence of the
3-point function [91]. A more detailed account of the AdS calculations of the 2- and 3-point
functions will be given in §8.4.
6.7 Non-Renormalization of 2- and 3- Point Functions
Upon proper normalization of the operators O∆, so that their 2-point function is canoni-
cally normalized, the three point couplings c∆1,∆2,∆3(g
2
YM , N) may be computed in a unique
manner. On the SYM side, small coupling gYM perturbation theory yields results for
gYM ≪ 1, but all N . On the AdS side, the only calculation available in practice so far
is at the level of classical supergravity, which means the large N limit (where quantum
loops are being neglected), as well as large ‘t Hooft coupling λ = g2YMN (where α
′ string
corrections to supergravity are being neglected). Therefore, a direct comparison between
the two calculations cannot be made because the calculations hold in mutually exclusive
regimes of validity.
Nonetheless, one may compare the results of the calculations in both regimes. This
involves obtaining a complete normalization of the supergravity three-point couplings
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G(∆1,∆2,∆3), which was worked out in [92]. It was found that
lim
N,λ=gsN→∞
c∆1,∆2,∆3(gs, N)
∣∣∣∣
AdS
= lim
N→∞
c∆1,∆2,∆3(0, N)
∣∣∣∣
SYM
(6.37)
Given that this result holds irrespectively of the dimensions ∆i, it was conjectured in [92]
that this result should be viewed as emerging from a non-renormalization effect for 2- and
3-point functions of 1/2 BPS operators. Consequently, it was conjectured that the equality
should hold for all couplings, at large N ,
lim
N→∞
c∆1,∆2,∆3(gs, N)
∣∣∣∣
AdS
= lim
N→∞
c∆1,∆2,∆3(g
2
YM , N)
∣∣∣∣
SYM
(6.38)
and more precisely that c∆1,∆2,∆3(gs, N) be independent of gs in the N →∞ limit.
Independence on gYM of the three point coupling c∆1,∆2,∆3(g
2
YM , N) is now a problem
purely in N = 4 SYM theory, and may be studied there in its own right. This issue has
been pursued since by performing calculations of the same correlators to order g2YM . It was
found that to this order, neither the 2- nor the 3-point functions receive any corrections
[93]. Consequently, a stronger conjecture was proposed to hold for all N ,
c∆1,∆2,∆3(gs, N)
∣∣∣∣
AdS
= c∆1,∆2,∆3(g
2
YM , N)
∣∣∣∣
SYM
(6.39)
Further evidence that this relation holds has been obtained using N = 1 superfields
[94, 95] and N = 2 off-shell analytic/harmonic superfield methods [108, 109]. The problem
has also been investigated using N = 4 on-shell superspace methods [96, 97], via the
study of nilpotent superconformal invariants, which had been introduced for OSp(1,N) in
[98]. Similar non-renormalization effects may be derived for 1/4 BPS operators and their
correlators as well [99]. Two and three point correlators have also been investigated for
superconformal descendant fields; for the R-symmetry current in [91] and later in [101];
see also [100] and [102]. Additional references include [103] and [104]. A further test of the
Maldacena conjecture involving the Weyl anomaly is in [105].
6.8 Extremal 3-Point Functions
We now wish to investigate the dependence of the 3-point function of 1/2 BPS single trace
operators
〈O∆1(x1)O∆2(x2)O∆3(x3)〉 (6.40)
on the dimensions ∆i a little more closely. Recall that these operators transform under
the irreducible representations of SU(4)R with Dynkin labels [0,∆i, 0]. As a result, the
correlators must vanish whenever ∆i > ∆j +∆k for any one of the labels i 6= j, k, since in
this case no SU(4)R singlet exists. Whenever ∆i ≤ ∆j +∆k, for all i, j, k, the correlator is
allowed by SU(4)R symmetry.
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These facts may also be seen at Born level in SYM perturbation theory by matching
the number of X propagators connecting different operators. If ∆i > ∆j +∆k, it will be
impossible to match up the X propagator lines and the diagram will have to vanish.
The case where ∆i = ∆j + ∆k for one of the labels i is of special interest and is
referred to as an extremal correlator [106]. Although allowed by SU(4)R group theory,
its Born graph effectively factorizes into two 2-point functions, because no X propagators
directly connect the vertices operators j and k. Thus, the extremal 3-point function is non-
zero. However, the supergravity coupling G(∆1,∆2,∆3) ∼ ∆1 −∆2 − ∆3 vanishes in the
extremal case as was shown in [92]. The reason that all these statements can be consistent
with the AdS/CFT correspondence is because the AdS5 integration actually has a pole at
the extremal dimensions, as may indeed be seen by taking a closer look at the integrals,
∫
H
d5z
z50
3∏
i=1
z∆i0
(z20 + (~z − ~xi)2)∆i
∼ 1
∆1 −∆2 −∆3 (6.41)
Thus, the AdS/CFT correspondence for extremal 3-point functions holds because a zero
in the supergravity coupling is compensated by a pole in the AdS5 integrals.
Actually, the dimensions ∆i are really integers (which is why “pole” was put in quota-
tion marks above) and direct analytic continuation in them is not really justified. It was
shown in [106] that when keeping the dimensions ∆i integer, it is possible to study the
supergravity integrands more carefully and to establish that while the bulk contribution
vanishes, there remains a boundary contribution (which was immaterial for non-extremal
correlators). A careful analysis of the boundary contribution allows one to recover agree-
ment with the SYM calculation directly.
6.9 Non-Renormalization of General Extremal Correlators
Extremal correlators may be defined not just for 3-point functions, but for general (n+1)-
point functions. Let O∆ and O∆i with i = 1, · · · , n be 1/2 BPS chiral primary operators
obeying the relation ∆ = ∆1 + · · · + ∆n, which generalizes the extremality relation for
the 3-point function. We have the extremal correlation non-renormalization conjecture,
stating the form of the following correlator [106],
〈O∆(x)O∆1(x1) · · ·O∆n(xn)〉 = A(∆i;N)
n∏
i=1
1
(~x− ~xi)2∆i (6.42)
The conjecture furthermore states that the overall function A(∆i;N) is independent of
the points xi and x and is also independent of the string coupling constant gs = g
2
YM . The
conjecture also states that the associated supergravity bulk couplings G(∆;∆1, · · · ,∆n)
must vanish [106].
There is by now ample evidence for the conjecture and we shall briefly review it here.
First, there is evidence from the SYM side. To Born level (order O(g0YM), the factorization
of the space-time dependence in a product of 2-point functions simply follows from the
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fact that no X-propagator lines can connect different points xi; instead all X-propagator
lines emanating from any vertex xi flow into the point x. The absence of O(g2YM) perturba-
tive corrections was demonstrated in [110]. Off-shell N = 2 analytic/harmonic superspace
methods have been used to show that gYM corrections are absent to all orders of pertur-
bation theory [108], [109].
On the AdS side, the simplest diagram that contributes to the extremal correlator is
the contact graph, which is proportional to
G(∆;∆1, · · · ,∆n)
∫
H
d5z
z50
z∆0
(z − ~x)2∆
n∏
i=1
z∆i0
(z − ~xi)2∆i (6.43)
In view of the relation ∆ = ∆1 + · · · + ∆n, the integration is convergent everywhere in
H , except when ~z → ~x and z0 → 0, where a simple pole arises in ∆ − ∆1 − · · · − ∆n.
Finiteness of Type IIB superstring theory on AdS5 × S5(which we take as an assumption
here) guarantees that the full correlator must be convergent. Therefore, the associated
supergravity bulk coupling must vanish,
G(∆;∆1, · · · ,∆n) ∼ ∆−∆1 − · · · −∆n (6.44)
as indeed stated in the conjecture. Assuming that it makes sense to “analytically continue
in the dimensions ∆”, one may proceed as follows. The pole of the z-integration and the
zero of the supergravity coupling G compensate one another and the contribution of the
contact graph to the extremal correlator will be given by the residue of the pole, which is
precisely of the form (6.42). It is also possible to carefully treat the boundary contributions
generated by the supergravity action in the extremal case, to recover the same result [106].
The analysis of all other AdS graph, which have at least one bulk-to-bulk exchange in
them, was carried out in detail in [106]. For the exchange of chiral primaries in the graph,
the extremality condition ∆ = ∆1+· · ·+∆n implies that each of the exchange bulk vertices
must be extremal as well. A non-zero contribution can then arise only if the associated
integral is divergent, produces a pole in the dimensions, and makes the interaction point
collapse onto the boundary ∂H . Dealing with all intermediate external vertices in this
way, one recovers that all intermediate vertices have collapsed onto ~x, thereby reproducing
the space-time behavior of (6.42). The exchange of descendants may be dealt with in an
analogous manner.
Assuming non-renormalization of 2- and 3-point functions for all (single and multiple
trace) 1/2 BPS operators, and assuming the space-time form (6.42) of the extremal corre-
lators, it is possible to prove that the overall factor A(∆i;N) is independent of gs = g
2
YM ,
as was done in [106] in a special case. We present only the simplest non-trivial case of
n = 3 and ∆ = 6; the general case may be proved by induction. Assuming the space-time
form, we have
〈O6(x)O2(x1)O2(x2)O2(x3)〉 = A
3∏
i=1
1
(~x− ~xi)4 (6.45)
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We begin with the OPE
O6(x)O2(x1) ∼ cO4(x) + c
′[O2O2]max(x)
(x− x1)4 + less singular (6.46)
Using non-renormalization of the 3-point functions 〈O6O2O4〉 and 〈O6O2[O2O2]max, we
find that c and c′ are independent of the coupling gYM . Now substitute the above OPE
into the correlator (6.45), and use the fact that the 3-point functions 〈O4O2O2〉 and
〈O2O2[O2O2]max are not renormalized. It immediately follows that A in (6.45) is inde-
pendent of the coupling.
6.10 Next-to-Extremal Correlators
The space-time dependence of extremal correlators was characterized by its factorization
into a product of n 2-point functions. The space-time dependence of Next-to-extremal
correlators 〈O∆(x)O∆1(x1) · · ·O∆n(xn)〉, with the dimensions satisfying ∆ = ∆1 + · · · +
∆n − 2 is characterized by its factorization into a product of n − 2 two-point functions
and one 3-point function. Therefore, the conjectured space-time dependence of next-to-
extremal correlators is given by [109]
〈O∆(x)O∆1(x1) · · ·O∆n(xn)〉 =
B(∆i;N)
x212(x− x1)2∆1−2(x− x2)2∆2−2
n∏
i=3
1
(x− xi)2∆i (6.47)
where the overall strength B(∆i;N) is independent of gYM . This form is readily checked
at Born level and was verified at order O(g2YM) by [107].
On the AdS side, the exchange diagrams, say with a single exchange, are such that
one vertex is extremal while the other vertex is not extremal. A divergence arises when
the extremal vertex is attached to the operator of maximal dimension ∆ and its collapse
onto the point x now produces a 3-point correlator times n − 2 two-point correlators,
thereby reproducing the space-time dependence of (6.47). Other exchange diagrams may
be handled analogously. However, there is also a contact graph, whose AdS integration
is now convergent. Since the space-time dependence of this contact term is qualitatively
different from the factorized form of (6.47), the only manner in which (6.47) can hold true
is if the supergravity bulk coupling associated with next-to-extremal couplings vanishes,
G(∆;∆1, · · · ,∆n) = 0 whenever ∆ = ∆1 + · · ·+∆n − 2 (6.48)
which is to be included as part of the conjecture [111]. This type of cancellation has been
checked to low order in [112].
6.11 Consistent Decoupling and Near-Extremal Correlators
The vanishing of the extremal and next-to-extremal supergravity couplings has a direct
interpretation, at least in part, in supergravity. Recall that the operator O2 and its descen-
dants are dual to the 5-dimensional supergravity multiplet on AdS5, while the operators
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O∆ with ∆ ≥ 3 and its descendants are dual to the Kaluza-Klein excitations on S5 of the
10-dimensional supergravity multiplet. Now, prior work on gauged supergravity [113, 114]
has shown that the 5-dimensional gauged supergravity theory on AdS5 all by itself exists
and is consistent. Thus, there must exist a consistent truncation of the Kaluza-Klein modes
of supergravity on AdS5×S5 to only the supergravity on AdS5; see also [115]. In a pertur-
bation expansion, this means that if only AdS5 supergravity modes are excited, then the
Euler-Lagrange equations of the full AdS5×S5 supergravity must close on these excitations
alone without generating Kaluza-Klein excitation modes. This means that the one 1-point
function of any Kaluza-Klein excitation operator in the presence of AdS5 supergravity
alone must vanish, or
G(∆,∆1, · · · ,∆n) = 0, ∆i = 2, i = 1, · · · , n for all ∆ ≥ 4 (6.49)
When ∆ > 2n, the cancellation takes place by SU(4)R group theory only. For ∆ = 2n and
∆ = 2n−2, we have special cases of extremal and next-to-extremal correlators respectively,
but for 4 ≤ ∆ ≤ 2n− 4, they belong to a larger class. We refer to these as near-extremal
correlators [111],
〈O∆(x)O∆1(x1) · · ·O∆n(xn)〉 ∆ = ∆1 + · · ·+∆n − 2m 0 ≤ m ≤ n− 2 (6.50)
The principal result on near-extremal correlators (but which are not of the extremal or
next-to-extremal type) is that they do receive coupling dependent quantum corrections, but
only through lower point functions [111]. Associated supergravity couplings must vanish,
G(∆,∆1, · · · ,∆n) = 0 ∆ = ∆1 + · · ·+∆n − 2m 0 ≤ m ≤ n− 2 (6.51)
Arguments in favor of this conjecture may be given based on the divergence structure of
the AdS integrals and on perturbation calculations in SYM.
6.12 Problem Sets
(6.1) Using infinitesimal special conformal symmetry (or global inversion under which
xµ → xµ/x2) show that 〈O∆(x)O∆′(x′)〉 = 0 unless ∆′ = ∆.
(6.2) Gauge dependent correlators in gauge theories such as N = 4 SYM theory will, in
general, depend upon a renormalization scale µ. (a) Show that the general form of the
scalar two point function to one loop order is given by
〈X ic(x)Xjc′(y)〉 = δ
cc′δij
(x− y)2
(
A+B ln(x− y)2µ2
)
for some numerical constants A and B. (b) Show that the 2-pt function of the gauge
invariant operator O2(x) ≡ trX i(x)Xj(x) − 16δij
∑
k trX
k(x)Xk(x) is µ-independent. (c)
Show that the 2-pt function of the gauge invariant operator OK(x) ≡ trX i(x)X i(x) (the
Konishi operator) is µ-dependent. (d) Calculate the 1-loop anomalous dimensions of O2
and OK .
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(6.3) Consider the Laplace operator ∆ acting on scalar functions on the sphere Sd with
round SO(d + 1)-invariant metric and radius R. Compute the eigenvalues of of ∆. Sug-
gestion : ∆ is related to the quadratic Casimir operator L2 ≡ ∑d+1i,j=1L2ij where Lij are
the generators of d+1-dimensional angular momentum, i.e. generators of SO(d+1); thus
the problem may be solved by pure group theory methods, analogous to those used for
rotations on S2.
(III.4) Continuing on the above problem, show that the eigenfunctions are of the form
ci1···ipx
i1 · · ·xip , where we have now represented the sphere by the usual equation in Rd+1 :∑
i(x
i)2 = R2 and c is totally symmetric and traceless.
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7 Structure of General Correlators
In the previous section, we have concentrated on matching between the SYM side and the
AdS side of the Maldacena correspondence correlation functions that were not renormalized
or were simply renormalized from their free form. This led us to uncover a certain number
of important non-renormalization effects, most of which are at the level of conjecture.
However, N = 4 super-Yang-Mills theory is certainly not a free quantum field theory,
and generic correlators will receive quantum corrections from their free field values, and
therefore will acquire non-trivial coupling gs = g
2
YM dependence. In this section, we ana-
lyze the behavior of such correlators. We shall specifically deal with the 4-point function.
The relevant dynamical information available from correlators in conformal quantum field
theory is contained in the scaling dimensions of general operators, in the operator mixings
between general operators and in the values of the operator product (OPE) coefficients. As
in the case of the 3-point function, a direct quantitative comparison between the results of
weak coupling gYM perturbation theory in SYM and the large N , large ‘t Hooft coupling
λ = g2YMN limit of supergravity cannot be made, because the domains of validity of the
expansions do not overlap. Nonetheless, general properties lead to exciting and non-trivial
comparisons, which we shall make here.
7.1 RG Equations for Correlators of General Operators
It is a general result of quantum field theory that all renormalizations of local operators
are multiplicative. This is familiar for canonical fields; for example the bare field φ0(x) and
the renormalized field φ(x) in a scalar field theory are related by the field renormalization
factor Zφ via the relation φ0(x) = Zφφ(x). Composite operators often requires additive
renormalizations; for example the proper definition of the operator φ2(x) requires the
subtraction of a constant C. If this constant is viewed as multiplying the identity operator
I in the theory, then renormalization may alternatively be viewed as multiplicative (by a
matrix) on an array of two operators I and φ2(x) as follows,(
I
φ2(x)
)
0
=
(
I 0
−C Zφ2
)(
I
φ2(x)
)
(7.1)
The general rule is that operators will renormalize with operators with the same quantum
numbers but of lesser or equal dimension.
In more complicated theories such as N = 4 super-Yang-Mills theory, renormalization
will continue to proceed in a multiplicative way. If we denote a basis of (local gauge
invariant polynomial) operators by OI , and their bare counterparts by O0I , then we have
the following multiplicative renormalization formula
O0I(x) =
∑
J
ZI
JOJ(x) (7.2)
The field renormalization matrix ZI
J may be arranged in block lower triangular form, in
ascending value of the operator dimensions, generalizing (7.1). Consider now a general
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correlator of such operators
GI1,···,In(xi; g, µ) ≡ 〈OI1(x1) · · ·OIn(xn)〉 (7.3)
and its bare counterpart G0I1,···,In(xi; g0,Λ), in a theory in which we schematically represent
the dimensionless and dimensionful couplings by g, and their bare counterparts by g0. The
renormalization scale is µ and the UV cutoff is Λ. Multiplicative renormalization implies
the following relation between the renormalized and bare correlators
G0I1,···,In(xi; g0,Λ) =
∑
J1,···,Jn
ZI1
J1 · · ·ZInJn(g, µ,Λ)GJ1,···,Jn(xi; g, µ) (7.4)
Keeping the bare parameters g0 and Λ fixed and varying the renormalization scale µ, we see
that the lhs is independent of µ. Differentiating both sides with respect to µ is the standard
way of deriving the renormalization group equations for the renormalized correlators, and
we find(
∂
∂ lnµ
+ β
∂
∂g
)
GI1,···,In(xi; g, µ)−
n∑
j=1
∑
J
γIj
JGI1,···,Ij−1,J,Ij+1,···,In(xi; g, µ) = 0 (7.5)
where the RG β-function and anomalous dimension matrix γI
J are defined by
β(g) ≡ ∂g
∂ lnµ
∣∣∣∣
g0,Λ
γI
J(g) ≡ −∑
K
(Z−1)IK
∂ZK
J
∂ lnµ
∣∣∣∣
g0,Λ
(7.6)
For each I, only a finite number of J ’s are non-zero in the sum over J . The diagonal
entries γI
I contribute to the anomalous dimension of the operatorOI , while the off-diagonal
entries are responsible for operator mixing. Operators that are eigenstates of the dimension
operator D (at a given coupling g) correspond to the eigenvectors of the matrix γ.
7.2 RG Equations for Scale Invariant Theories
Considerable simplifications occur in the RG equations for scale invariant quantum field
theories. Scale invariance requires in particular that β(g∗) = 0, so that the theory is at a
fixed point g∗. In rare cases, such as is in fact the case for N = 4 SYM, the theory is scale
invariant for all couplings. If no dimensionful couplings occur in the Lagrangian, either
from masses or from vacuum expectation vales of dimensionful fields, γI
J is constant and
the RG equation becomes a simple scaling equation
∂
∂ lnµ
GI1,···,In(xi; g∗, µ)−
n∑
j=1
∑
J
γIj
J(g∗)GI1,···,Ij−1,J,Ij+1,···,In(xi; g∗, µ) = 0 (7.7)
In conformal theories, the dilation generator may be viewed as a Hamiltonian of the system
conjugate to radial evolution [116]. Therefore, in unitary scale invariant theories, the dila-
tion generator should be self-adjoint, and hence the anomalous dimension matrix should
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be Hermitian.vi As such, γI
J must be diagonalizable with real eigenvalues, γi. Standard
scaling arguments then give the behavior of the correlators
GI1,···,In(λxi; g∗, λ
−1µ) = λ−∆1 · · ·λ−∆nGI1,···,In(xi; g∗, µ) (7.8)
where the full dimensions ∆i are given in terms of the canonical dimension δi by ∆i = γi+δi.
7.3 Structure of the OPE
One of the most useful tools of local quantum field theory is the Operator Product Ex-
pansion (OPE) which expresses the product of two local operators in terms of a sum over
all local operators in the theory,
OI(x)OJ (y) =
∑
K
CIJ
K(x− y; g, µ)OK(y) (7.9)
The OPE should be understood as a relations that holds when evaluated between states
in the theory’s Hilbert space or when inserted into correlators with other operators,
〈OI(x)OJ(y)
∏
L
OL(zL)〉 =
∑
K
CIJ
K(x− y; g, µ)〈OK(y)
∏
L
OL(zL)〉 (7.10)
From the latter, together with the RG equations for the correlators, one deduces the RG
equations for the OPE coefficient functions CIJ
K ,(
∂
∂ lnµ
+ β
∂
∂g
)
CIJ
K =
∑
L
(
γI
LCLJ
K + γJ
LCIL
K − CIJLγLK
)
(7.11)
In a scale invariant theory, we have β = 0 and γI
J constant. Furthermore, if the theory is
unitary, γI
J may be diagonalized in terms of operators O∆I of definite dimension ∆I . The
OPE then simplifies considerably and we have, [121],
O∆I (x)O∆J (y) =
∑
K
c∆I∆J∆K
(x− y)∆I+∆J−∆KO∆K (y) (7.12)
The operator product coefficients c∆I∆J∆K are now independent of x and y, but they will
depend upon the coupling constants and parameters of the theory, such as gYM and N .
7.4 Perturbative Expansion of OPE in Small Parameter
Conformal field theories such as N = 4 SYM have coupling constants gYM , θI , N and the
theory is (super)-conformal for any value of these parameters. In particular, the scaling
dimensions are fixed but may depend upon these parameters in a non-trivial way,
∆I = ∆(gYM , θI , N) (7.13)
The dependence of the composite operators on the canonical fields will in general also
involve these coupling dependences.
viIn non-unitary theories, the matrix γI
J may be put in Jordan diagonal form, and this form will
produce dependence on µ through lnµ terms. A fuller discussion is given in [117].
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It is interesting to analyze the effects of small variations in any of these parameters
on the structure of the OPE and correlation functions. Especially important is the fact
that infinitesimal changes in ∆I produce logarithmic dependences in the OPE. To see this,
assume that
∆I = ∆
0
I + δI |δI | ≪ ∆I (7.14)
and now observe that to first order in δI , we have
O∆I (x)O∆J (y) =
∑
K
c∆I∆J∆KO∆K (y)
(x− y)∆0I+∆0J−∆0K
{
1− (δI + δJ − δK) ln |x− y|µ
}
(7.15)
In the special case where the dimensions ∆0I and ∆
0
J are unchanged, because the operators
are protected (e.g. BPS) then isolating the logarithmic dependence allows one to compute
δK and thus the correction to the dimension of operators occurring in the OPE. A useful
reference on anomalous dimensions and the OPE, though not in conformal field theory, is
in [122].
7.5 The 4-Point Function – The Double OPE
Recall that the AdS/CFT correspondence maps supergravity fields into single-trace 1/2
BPS operators on the SYM side. Thus, the only correlators that can be computed di-
rectly are the ones with one 1/2 BPS operator insertions. To explore even the simplest
renormalization effects of non-BPS operators, such as their change in dimension, via the
AdS/CFT correspondence, we need to go beyond the 3-point function. The simplest case
is the 4-point function, which indeed can yield information on the anomalous dimensions
of single and double trace operators.
Thanks to conformal symmetry, the 4-point function may be factorized into a fac-
tor capturing its overall non-trivial conformal dependence times a function F (s, t) that
depends only upon 2 conformal invariants s, t of 4 points,
〈O∆1(x1)O∆2(x2)O∆3(x3)O∆4(x4)〉 =
1
|x13|∆1+∆3 |x24|∆2+∆4F (s, t) (7.16)
The conformal invariants of the 4-point function s and t may be chosen as follows
s =
1
2
x213x
2
24
x212x
2
34 + x
2
14x
2
23
t =
x212x
2
34 − x214x223
x212x
2
34 + x
2
14x
2
23
(7.17)
The fact that there are only 2 conformal invariants may be seen as follows. By a translation,
take x4 = 0; under an inversion, we then have x
′
4 =∞ and we may use translations again to
choose x′3 = 0. There remain 3 Lorentz invariants, x
2
1, x
2
2 and x1 ·x2, and thus 2 independent
scale-invariant ratios. Note that 2 is also the number of Lorentz invariants of a massless
4-point function in momentum space.
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A specific representation for the function F may be obtained by making use of the
OPE twice in the 4-point function, one on the pair O∆1(x1)O∆3(x3) and once on the pair
O∆2(x2)O∆4(x4). One obtains the double OPE, first introduced in [123],
〈O∆1(x1)O∆2(x2)O∆3(x3)O∆4(x4)〉 =
∑
∆∆′
c∆1∆3∆
|x13|∆1∆3∆
1
|x12|∆+∆′
c∆2+∆4−∆′
|x24|∆2+∆4−∆′ (7.18)
The OPE coefficients c∆1∆3∆ appeared in the simple OPE of the operators O∆1 and O∆3 .
General properties of the OPE and double OPE have been studied recently in [124], [125],
[126], [127] and [128] and from a perturbative point of view in [129]; see also [130].
7.6 4-pt Function of Dilaton/Axion System
The possible intermediary fields and operators are restricted by the SU(4)R tensor prod-
uct formula for external operators.vii Assuming external operators (such as the 1/2 BPS
primaries) in representations [0,∆, 0] and [0,∆′, 0], their tensor product decomposes as
[0,∆, 0]⊗ [0,∆′, 0] = ⊕∆′µ=0 ⊕∆
′−µ
ν=0 [ν,∆+∆
′ − 2µ− 2ν, ν] (7.19)
For example, the product of two AdS5 supergravity primaries in the representation 20
′ =
[0, 2, 0] is given by (the subscript A denotes antisymmetrization)
20′ ⊗ 20′ = 1⊕ 15A ⊕ 20′ ⊕ 84⊕ 105⊕ 175A (7.20)
Actually, the simplest group theoretical structure emerges when taking two SU(4)R and
Lorentz singlets which are SU(2, 2|4) descendants. We consider the system of dimension
∆ = 4 half-BPS operators dual to the dilaton and axion fields in the bulk;
Oφ = trFµνF µν + · · · OC = trFµνF˜ µν + · · · (7.21)
The further advantage of this system is that the classical supergravity action is simple,
S[G,Φ, C] =
1
2κ25
∫
H
√
G
[
−RG + Λ + 1
2
∂µΦ∂
µΦ +
1
2
e2Φ∂µC∂
µC
]
(7.22)
In the AdS/CFT correspondence, κ25 may be related to N by κ
2
5 = 4π
2/N2. This system
was first examined in [131] and [132]. An investigation directly of the correlator of half-BPS
chiral primaries may be found in [133].
viiActually, the possible intermediary fields and operators are restricted by the full SU(2, 2|4) supercon-
formal algebra branching rules. Since no N = 4 off-shell superfield formulation is available, however, it
appears very difficult to make direct use of this powerful fact.
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Figure 6: Disconnected contributions to the correlator 〈OΦOCOΦOC〉 to order 1/N2
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Figure 7: Connected contributions to the correlator 〈OΦOCOΦOC〉 to order 1/N2
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7.7 Calculation of 4-point Contact Graph
The 4-point function receives contributions from the contact graph and from a number of
exchange graphs, which we now discuss in turn. The most general 4-point contact term is
given by the following integral,
D∆1∆2∆3∆4(xi) ≡
∫
H
dd+1z
zd+10
4∏
i=1
(
z0
z20 + (~z − ~xi)2
)∆i
(7.23)
This integral is closely related to the momentum space integration of the box graph. In
fact, we shall not need this object in all its generality, but may restrict to the case D∆∆∆′∆′.
The calculation in the general case is given in [134] and [135]; see also [136].
∆ 3
∆ 4
∆1
∆ 2
=D
1∆ ∆ 3∆ 2∆4
Figure 8: Definition of the contact graph function D
To compute this object explicitly, it is convenient to factor out the overall non-trivial
conformal dependence. This may be done by first translating x1 to 0, then performing an
inversion and then translating also x′3 to 0. The result may be expressed in terms of
x ≡ x′13 − x′14 y ≡ x′13 − x′12 (7.24)
and is found to be
D∆∆∆′∆′(xi) = x
2∆′
12 x
2∆
13 x
2∆′
14 ×
∫
H
dd+1z
zd+10
z2∆+2∆
′
0
z2∆(z − x)2∆′(z − y)2∆′ (7.25)
Introducing two Feynman parameters, and carrying out the z-integration, the integral may
be re-expressed as
D∆∆∆′∆′(xi) =
x2∆
′
12 x
2∆
13 x
2∆′
14
(x2 + y2)∆′
πd/2Γ(∆ +∆′ − d/2)
2∆′Γ(∆)Γ(∆′)
(7.26)
×
∫ ∞
0
dρ
∫ +1
−1
dλ
ρ∆−1(1− λ2)∆−1
[1 + ρ(1− λ2)]∆
1
(s+ ρ+ ρλt)∆′
Remarkably, for positive integers ∆ and ∆′, the integral for any ∆, ∆′ and d may be
re-expressed in terms of successive derivatives of a universal function I(s, t),
I(s, t) ≡
∫ +1
−1
dλ
1
1 + λt− s(1− λ2) ln
1 + λt
s(1− λ2) (7.27)
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in the following way,
D∆∆∆′∆′(xi) = (−)∆+∆′ x
2∆′
12 x
2∆
13 x
2∆′
14
(x2 + y2)∆′
πd/2Γ(∆ +∆′ − d/2)
Γ(∆)2Γ(∆′)2
(7.28)
×
(
∂
∂s
)∆′−1{
s∆−1
(
∂
∂s
)∆−1
I(s, t)
}
While the function I(s, t) is not elementary, its asymptotic behavior is easily obtained.
In the direct channel or t-channel, we have |x13| ≪ |x12| and |x24| ≪ |x12|, so that we
have both s, t→ 0. Of principal interest will be the contribution which contains logarithms
of s, and this part is given by (for the full asymptotics, [135]); see also [139],
I log(s, t) = − ln s
∞∑
k=0
ak(t)s
k ak(t) =
∫ +1
−1
dλ
(1− λ2)k
(1 + λt)k+1
(7.29)
In the two crossed channels, we have s→ 1/2 : in the s-channel |x12|, |x34| ≪ |x13| for
which t→ −1; in the u-channel |x23|, |x14| ≪ |x34| for which t→ +1. Of principal interest
will be the contribution which contains logarithms of (1 − t2), and this part is given by
(for the full asymptotics, see [135]),
I log(s, t) = − ln(1− t2)
∞∑
k=0
(1− 2s)kαk(t) αk(t) =
∞∑
ℓ=0
Γ(ℓ+ 1
2
)(1− t2)ℓ
Γ(1
2
)(2ℓ+ k + 1)ℓ!
(7.30)
7.8 Calculation of the 4-point Exchange Diagrams
A direct approach to the calculation of the exchange graphs for scalar and gravitons is
to insert the scalar or graviton propagators computed previously and then to perform
the integrals over the 3-point interaction vertices. This approach was followed in [79, 134,
135]. However, it is also possible to exploit the special space-time properties of conformal
symmetry to take a more convenient approach discussed in [137]. This approach consists
in first computing the 3-point interaction integral with two boundary-to-bulk propagators
(say to vertices 1 and 3) with the bulk-to-bulk propagator between the same interaction
vertex and an arbitrary bulk point. Conformal invariance and the assumption of integer
dimension ∆ ≥ d/2 makes this into a very simple object. We shall follow the last method
to evaluate the exchange graphs.
For the scalar exchange diagram, we need to compute the following integralviii
A(w, x1, x3) =
∫
H
dd+1z
zd+10
G∆(w, z)K∆1(z, x1)K∆3(z, x3) (7.31)
viiiIn this subsection, we shall not write explicitly the propagator normalization constants C∆; however,
they will be properly restored in the next subsection.
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Figure 9: The t-channel exchange graph
As in the past, we simplify the integral by using translation invariance to translate x1 to
0, and then performing an inversion. As a result,
A(w, x1, x3) = |x13|−2∆3I(w′ − x′13) , I(w) =
∫
H
d5z
z50
G∆(w, z)
z∆1+∆30
z2∆3
(7.32)
We now use the fact that G∆ is a Green function and satisfies ( w+∆(∆−d))G∆(w, z) =
δ(w, z), so that
( w +∆(∆− d))I(w) = w
∆1+∆3
0
w2∆3
(7.33)
In terms of the scale invariant combination ζ = w20/w
2, we have I(w) = w∆130 fS(ζ), ∆13 =
∆1 −∆3 and the function fS now satisfies the following differential equation
4ζ2(ζ − 1)f ′′S + 4ζ [(∆13 + 1)ζ −∆13 + d/2− 1]f ′S (7.34)
+(∆−∆13)(∆ +∆13 − d)fS = ζ∆3
Making the change of variables σ = 1/ζ , we find that the new differential equation is
manifestly of the hypergeometric type and is solved by
fS(ζ) = F
(
∆−∆13
2
,
d−∆−∆13
2
;
d
2
; 1− 1
ζ
)
(7.35)
The other linearly independent solution to the hypergeometric equation is singular as
ζ → 1, which is unacceptable since the original integral was perfectly regular in this limit
(which corresponds to ~w → 0).
It is easier, however, to find the solutions in terms of a power series, fS(ζ) =
∑
k fSkζ
k.
Upon substitution into (7.34), we find solutions that truncate to a finite number of terms
in ζ , provided ∆1+∆3−∆ is a positive integer. Notice that k need not take integer values,
rather k −∆3 must be integer. The series truncates from above at kmax = ∆3 − 1, so that
fSk = 0 when k ≥ ∆3, and
fSk =
Γ(k)Γ(k +∆13)Γ(
1
2
{∆1 +∆3 −∆})Γ(12{∆+∆1 +∆3 − d})
4Γ(∆1)Γ(∆3)Γ(k + 1 +
1
2
{∆13 −∆})Γ(k + 1 + 12{∆13 +∆− d})
(7.36)
Still under the assumption that ∆1+∆3−∆ is a positive integer, the series also truncates
from below at kmin =
1
2
(∆−∆13).
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It remains to complete the calculation and substitute the above partial result into the
full exchange graphs. The required integral is
S(xi) =
∫
H
dw
√
gK∆2(w, x2)K∆4(w, x4)A(w, x1, x3) (7.37)
Remarkably, the expansion terms w∆130 ζ
k = w∆1+∆3+2k0 /w
2k are precisely of the form of
the product of two boundary-to-bulk propagators, one with dimension k, the other with
dimension ∆13 + k. Thus, the scalar exchange diagram may be written as a sum over
contact graphs in the following way,
S(xi) =
kmax∑
k=kmin
fSk|x13|−2∆3+2kDk∆13+k∆2∆4(xi) (7.38)
The evaluation of the contact graphs was carried out in the preceding subsection for the
special cases ∆1 = ∆3 and ∆2 = ∆4.
For the massless graviton exchange diagram, we need to compute the integral,
Aµν(w, x1, x2) =
∫
H
dd+1z
zd+10
Gµνµ′ν′(w, z)T
µ′ν′(z, x1, x3) (7.39)
where the stress tensor is generated by two boundary-to-bulk scalar propagators whish we
assume both to be of dimension ∆1,
T µ
′ν′(z, x1, x3) = ∇µ′K∆1(z, x1)∇ν
′
K∆1(z, x3)−
1
2
gµ
′ν′
[
∇ρ′K∆1(z, x1)∇ρ
′
K∆1(z, x3)
+∆1(∆1 − d)K∆1(z, x1)∇ρ
′
K∆1(z, x3)
]
(7.40)
Under translation of x1 to 0 and inversion, then using the symmetries of rank 2 symmetric
tensors on AdS5, and finally using the operator W on both sides of (refgraveq), we find
Aµν(w, x1, x3) =
1
w4|x13|2∆1 Jµκ(w)Jνλ(w)Iκλ(w
′ − x′13)
Iκλ(w) =
(
δ0µδ0ν
w20
− 1
d− 1gµν
)
fG(ζ) +∇(µvν) (7.41)
where the field vµ represents an immaterial action of a diffeomorphism while the function
fG(ζ) satisfies the first order differential equation
2ζ(1− ζ)f ′G(ζ)− (d− 2)fG(ζ) = ∆1ζ∆1 (7.42)
It is again possible to solve this equation via a power series fG(ζ) =
∑
k fGkζ
k. The range
of k is found to be d/2−1 = kmin ≤ k ≤ kmax = ∆1−1, provided ∆1−d/2 is a non-negative
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integer and d > 2. The coefficients are then given by
fGk = −∆1Γ(k)Γ(∆1 + 1− d/2)
Γ(∆1)Γ(k + 2− d/2) (7.43)
The result is particularly simple for the case of interest here when d = 4 and ∆1 integer,
fG(ζ) = − ∆1
2∆1 − 2(ζ + ζ
2 + · · ·+ ζ∆1−1) (7.44)
Again, this result may be substituted into the remaining integral in w versus the boundary-
to-bulk propagators from the interaction point w to x2 and x4, thereby yielding again
contributions proportional to contact terms.
7.9 Structure of Amplitudes
The full calculations of the graviton exchange amplitudes are quite involved and will not
be reproduced completely here [135]. Instead, we quote the contributions to the amplitudes
from the correlator [Oφ(x1)OC(x2)Oφ(x3)OC(x4)], where the graviton is exchanged in the
t-channel only. The sum of the axion exchange graph Is in the s-channel, of the axion
exchange Iu in the u-channel and of the quartic contact graph Iq is listed separately from
the graviton contribution Ig,
Is + Iu + Iq =
64
π8
[
64x224D4455 − 32D4444
]
(7.45)
Igrav =
64
π8
[
8(
1
s
− 2)x224D4455 +
64
9s
x224
x213
D3355 +
16
3s
x224
x413
D2255
+18D4444 − 46
9x213
D3344 − 40
9x413
D2244 − 8
3x613
D1144
]
The most interesting information is contained in the power singularity part of this ampli-
tude as well as in the part containing logarithmic singularities. Both are obtained from
the singular parts of the universal function I(s, t) in terms of which the contact functions
D∆1∆2∆4∆4 may be expressed.
7.10 Power Singularities
In the s-channel and u-channel, no power singularities occur in the supergravity result.
This is consistent with the fact that there are no power singular terms in the OPE of Oφ
with OC , since the resulting composite operator would have U(1)Y hypercharge 4, and the
lowest operator with those quantum numbers has dimension 8. (More details on this kind
of argument will be given in §7.12.)
In the t-channel, where |x13|, |x24| ≪ |x12|, we have s, t → 0, with s ∼ t2. The power
singularities in this channel come entirely from the graviton exchange part, given by
Igrav
∣∣∣∣
sing
=
210
35π6
1
x813x
8
24
[
s(7t2 + 6t4) + s2(−7 + 3t2)− 8s3
]
(7.46)
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To compare this behavior with the singularities expected from the OPE, we derive first
the behavior of the variables s and t in the t-channel limit,
s ∼ x
2
13x
2
24
2x412
t ∼ −x13 · J(x12) · x24
x212
(7.47)
where Jij(x) ≡ δij − 2xixj/x2 is the conformal inversion Jacobian tensor. Therefore, the
leading singularity in the graviton exchange contribution may be written as
Igrav
∣∣∣∣
sing
=
26
5π6
1
x613x
6
24
4(x13 · J(x12) · x24)2 − x213x224
x812
(7.48)
with further subleading terms suppressed by additional powers of x213/x
2
12 and x
2
24/x
2
12. The
leading contribution above describes the exchanges of an operator of dimension 4, whose
tensorial structure is that of the stress tensor.
Note that there is also a term corresponding to the exchange of the identity operator,
with behavior x−813 x
−8
24 , which derives from the disconnected contribution to the correlator
in Fig 5 (a). Note that there is no contribution in the singular terms that corresponds to
the exchange of an operator of dimension 2. One candidate would be O2 which is a Lorentz
scalar; however, it is a 20′ under SU(4)R, and therefore not allowed in the OPE of two
singlets. The other candidate is the Konishi operator, which is both a Lorentz and SU(4)R
singlet. The fact that it is not seen here is consistent with the fact that its dimension
becomes very large ∼ λ1/4 in the limit λ→∞ and is dual to a massive string excitation.
7.11 Logarithmic Singularities
The logarithmic singularities in the t-channel are produced by both the scalar exchange
and contact graphs as well as by the graviton exchange graph [135]. They are given by
Is + Iu + Iq
∣∣∣∣
log
=
960
π6
ln s
x813x
8
24
∞∑
k=0
sk+4(k + 1)2(k + 2)2(k + 3)2(3k + 4)ak+3(t) (7.49)
Igrav
∣∣∣∣
log
=
24
π6
ln s
x813x
8
24
∞∑
k=0
sk+4
Γ(k + 4)
Γ(k + 1)
{
(k + 4)2(15k2 + 55k + 42)ak+4(t)
−2(5k2 + 20k + 16)(3k2 + 15k + 22)ak+3(t)
}
To leading order, these expressions simplify as follows,
Is + Iu + Iq
∣∣∣∣
log
= +
27 · 33
7π6x1612
ln
x213x
2
24
x412
(7.50)
Igrav
∣∣∣∣
log
= − 2
7 · 3
7π6x1612
ln
x213x
2
24
x412
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Assembling all logarithmic contributions for the various correlators, we get, [117],
〈OφOφOφOφ〉log = − 208
21N2
1
x1612
ln
x213x
2
24
x412
t− channel
〈OCOCOCOC〉log = − 208
21N2
1
x1612
ln
x213x
2
24
x412
t− channel
〈OφOCOφOC〉log = + 128
21N2
1
x1612
ln
x213x
2
24
x412
t− channel
〈OφOCOφOC〉log = − 8
N2
1
x1613
ln
x212x
2
34
x413
s− channel (7.51)
Here, the overall coupling constant factor of κ25 has been converted to a factor of 1/N
2
with the help of the relation κ25 = 4π
2/N2, a relation that will be explained and justified
in (8.3). Further investigations of these log singularities may be found in [138].
7.12 Anomalous Dimension Calculations
We shall use the supergravity calculations of the 4-point functions for the operators Oφ
and OC to extract anomalous dimensions of double-trace operators built out of linear
combinations of [OφOφ], [OCOC ] and [OφOC ]. This was done in [117] by taking the
limits in various channels of the three 4-point functions 〈Oφ(x1)Oφ(x2)Oφ(x3)Oφ(x4)〉
〈OC(x1)OC(x2)OC(x3)OC(x4)〉 and 〈Oφ(x1)OC(x2)Oφ(x3)OC(x4)〉. For example, we ex-
tract the following simple behavior from the s-channel limit x12, x34 → 0 of the correlator
〈Oφ(x1)OC(x2)Oφ(x3)OC(x4)〉,
Oφ(x1)OC(x2) = Aφc(x12µ)[OφOC ]µ(x2) + · · · (7.52)
where µ is an arbitrary renormalization scale for the composite operators and Aφc is the
corresponding logarithmic coefficient function, whose precise value in the large N , large λ
limit is available from the logarithmic singularities of the correlator, and is given by
Aφc(x12µ) = 1− 16
N2
ln(x12µ) (7.53)
This leading behavior receives further corrections both in inverse powers of N and λ.
¿From the t-channel and u-channel of the same correlators, we extract the leading
terms in the OPE of two Oφ’s and of two OC ’s as follows,
Oφ(x1)Oφ(x3) = S(x1, x3) + Cφφ[OφOφ]µ + Cφc[OCOC ]µ + CφT [TT ]µ + · · ·
OC(x1)OC(x3) = S(x1, x3) + Ccφ[OφOφ]µ + Ccc[OCOC ]µ + CcT [TT ]µ + · · · (7.54)
where the term S(x1, x3) contains all the power singular terms in the expansion, and is
given schematically by
S(x1, x3) =
I
x813
+
T (x3)
x413
+
∂T (x3)
x313
+
∂∂T (x3)
x213
+
∂∂∂T (x3)
x13
(7.55)
77
The coefficient functions may be extracted from the logarithmic behavior as before,
Cφφ = Ccc = 1− 208
21N2
ln(x13µ)
Cφc = Ccφ = 1 +
128
21N2
ln(x13µ) (7.56)
Unfortunately, the coefficient functions CφT and CcT are not known at this time as their
evaluation would involve the highly complicated calculation involving two external stress
tensor insertions.
To make progress, we make use of a continuous symmetry of supergravity, namely
U(1)Y hypercharge invariance. Most important for us here is that the operator
OB ≡ 1√
2
{Oφ + iOC} (7.57)
has hypercharge Y = 2, which is the unique highest values attained amongst the canonical
supergravity fields, as may be seen from the Table 7. We may now re-organize the OPE’s
of operators Oφ and OC in terms of OB and O∗B. The OPE of OB with O∗B contains the
identity operator, the stress tensor and its derivatives and powers, as well as the Y = 0
operator [OBO∗B],
OB(x1)O∗B(x2) = S(x1, x2) + CBT [TT ]µ + CBB∗ [OBO∗B]µ + · · · (7.58)
while the Y = 4 channel of the OPE is given by
OB(x1)OB(x2) = (Cφφ − Cφc)Re[OBOB]µ + iAφcIm[OBOB]µ (7.59)
Since the smallest dimensional operator of hypercharge Y = 4 is the composite [OBOB],
we see that the power singularity terms S(x1, x3) indeed had to be the same for both
OPE’s in (7.54). By the same token, the rhs of (7.59) must be proportional to [OBOB]µ,
so we must have Cφφ − Cφc = Aφc, which is indeed borne out by the explicit calculational
results of (7.53) and (7.56). In summary, we have a single simple OPE
OB(x1)OB(x2) = Aφc(x12µ)[OBOB]µ + · · · (7.60)
from which the anomalous dimension may be found to be, [117],
γ[OBOB ] = γ[O∗BO∗B] = −16/N2 (7.61)
There is another operator occurring in this OPE channel of which we know the anomalous
dimension. Indeed, the double-trace operator [O2O2]105 is 1/2 BPS, and thus has vanishing
anomalous dimension. Its maximal descendant Q4Q¯4[O2O2]105 therefore has Y = 0 and un-
renormalized dimension 8. For more on the role of the U(1)Y symmetry, see [118]. The study
of the OPE via the 4-point function has also revealed some surprising non-renormalization
effects, not directly related to the BPS nature of the intermediate operators. In the OPE
of two half-BPS 20’ operators, for example, the 20’ intermediate state is not chiral. Yet,
to lowest order at strong coupling, its dimension was found to be protected; see [119] and
[120].
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7.13 Check of N-dependence
The prediction for the anomalous dimension of the operator [OBOB] to order 1/N2 ob-
tained from supergravity calculations holds for infinitely large values of the ‘t Hooft cou-
pling λ = g2YMN on the SYM side. As the regimes of couplings for possible direct cal-
culations do not overlap, we cannot directly compare this prediction with a calculation
on the SYM side. However, it is very illuminating to reproduce the 1/N2 dependence of
the anomalous dimension from standard large N counting rules in SYM theory [117]. We
proceed by expansing N = 4 SYM in 1/N , while keeping the ‘t Hooft coupling fixed (and
perturbatively small). The strategy will be to isolate the general structure of the expansion
and then to seek the limit where λ→∞.
To be concrete, we study the correlator 〈OφOcOφOc〉, though our results will apply
generally.
Oφ
Oc
Oφ Oφ
Oc Oc
Oφ Oφ
Oc Oc
Oc
Oφ
(a)
(c)
(b)
Figure 10: Large N counting for the 4-point function
First, we normalize the individual operators via their 2-point functions, which to leading
order in large N requires
Oc = 1
N
trFµνF˜
µν + · · · Oφ = 1
N
trFµνF
µν + · · · (7.62)
In computing the 4-point function 〈OφOcOφOc〉, there will first be a disconnected con-
tribution of the form 〈OφOφ〉〈OcOc〉, which thus contributes precisely to order N0. The
simplest connected contribution is a Born graph with a single gluon loop; the operator
normalizations contribute N−4, while the two color loops contribute N2, thereby suppress-
ing the connected contribution by a factor of N−2 compared to the disconnected one. This
Born graph has no logarithms because it is simply the product of 4 propagators. Per-
turbative corrections with internal interaction vertices will however generate logarithmic
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corrections, and thus contributions to anomalous dimensions. In the large N limit, planar
graphs will dominate and the only corrections are due to non-trivial λ-dependence with
the same expansion order N−2 and the connected contribution will take the form
〈OφOcOφOc〉conn = 1
N2
f(λ) +O(
1
N4
) (7.63)
For the anomalous dimensions, a similar expansion will hold,
γ(N, λ) =
1
N2
γ¯(λ) +O(
1
N4
) (7.64)
The above results were established perturbatively in the ‘t Hooft coupling. To compare
with the supergravity results, f and γ¯ should admit well-behaved λ → ∞ limits. Our
supergravity calculation in fact established that γ¯[OBOB](λ = ∞) = −16, a result that
could of course not have been gotten from Feynman diagrams in SYM theory.
The calculation of AdS four point functions in weak coupling perturbation theory was
carried out in [140] and [141]; string corrections to 4-point functions were considered early
on in [142] and [143]; further 4-point function calculations in the AdS setting may be
found in [144], [145] and [146]. More general correlators of 4-point functions and higher
corresponding to the insertion of currents and tensor forms may be found in [148], [149],
[150] and [151]. Finally, an approach to correlation functions based on the existence of a
higher spin field theory in Anti-de Sitter space-time may be found in a series of papers
[152]; see also [153]. Finally, effects of instantons on SYM and AdS/CFT correlators were
explored recently in [154], [156], [155], [159], [157], [158]. Possible constraints on correlators
in AdS/CFT and N = 4 SYM from S-duality have been investigated by [160]. Finally,
very recently, correlators have been evaluated exactly for strings propagating in AdS3 in
[161].
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8 How to Calculate CFTd Correlation Functions from
AdSd+1Gravity
The main purpose of this chapter is to discuss the techniques used to calculate correlation
functions in N = 4, d = 4 SYM field theory from Type IIB D = 10 supergravity. We will
begin with a quick summary of the basic ideas of the correspondence between the two
theories. These were discussed in more detail in earlier sections, but we wish to make this
chapter self-contained. Other reviews we recommend to readers are the broad treatment of
[7] and the 1999 TASI lectures of Klebanov [162] in which the AdS/CFT correspondence is
motivated from the viewpoints ofD-brane and black hole solutions, entropy and absorption
cross-sections.
The N = 4 SYM field theory is a 4-dimensional gauge theory with gauge group SU(N)
and R-symmetry or global symmetry group SO(6) ∼ SU(4). Elementary fields are all in
the adjoint representation of SU(N) and are represented by traceless Hermitean N × N
matrices. There are 6 elementary scalars X i(x), 4 fermions ψa(x), and the gauge poten-
tial Aj(x). The theory contains a unique coupling constant, the gauge coupling gYM . It is
known that the only divergences of elementary Green’s functions are those of wave function
renormalization which is unobservable and gauge-dependent. The β-function β(gYM) van-
ishes, so the theory is conformal invariant. The bosonic symmetry group of the theory is the
direct product of the conformal group SO(2, 4) ∼ SU(2, 2) and the R-symmetry SU(4).
These combine with 16 Poincare´ and 16 conformal supercharges to give the superalgebra
SU(2, 2|4) which is the over-arching symmetry of the theory.
Observables in a gauge theory must be gauge-invariant quantities, such as:
1. Correlation functions of gauge invariant local composite operators — the subject on
which we focus,
2. Wilson loops — not to be discussed, See, for example, [163, 164, 165]
Our primary interest is in correlation functions of the chiral primary operatorsix
trXk ≡ N 1−k2 tr
(
X{i1X i2...X ik}
)
− traces (8.1)
These operators transform as rank k symmetric traceless SO(6) tensors – irreducible rep-
resentations whose Dynkin designation is [0, k, 0]. For k = 2, 3, 4 the dimensions of these
representations are 20, 50, 105, respectively.
Ex. 1: What is the dimension of the [0,5,0] representation?
The trXk are lowest weight states of short representations of SU(2, 2|4). The condition
for a short representation is the relation ∆trXk = k between scale dimension ∆ and SO(6)
rank. Since the latter must be an integer, the former is quantized. The scale dimension
of chiral primary operators (and all descendents) is said to be “protected” It is given for
all gYM by its free-field value (i.e. the value at gYM = 0). This is to be contrasted with
ixthe normalization factor N
1−k
2 is chosen so that all correlation functions of these operators are of
order N2 for large N .
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the many composite operators which belong to long representations of SU(2, 2|4). For
example, the Konishi operator K(x) = tr[X iX i] is the primary of a long representation.
In the weak coupling limit, it is known [166] that ∆K = 2 + 3g
2
YMN/4π
2 +O(g4YM). The
existence of a gauge invariant operator with anomalous dimension is one sign that the field
theory is non-trivial, not a cleverly disguised free theory.
In Sec. 3.4 it was discussed how SU(2, 2|4) representations are “filled out” with de-
scendent states obtained by applying SUSY generators with ∆ = 1
2
to the primaries.
Descendents can be important. For example, the descendents of the lowest chiral primary
trX2 include the 15 SO(6) currents, the 4 supercurrents, and the stress tensor.
Some years ago ‘t Hooft taught us (for a review, see [167]) that it is useful to express
amplitudes in an SU(N) gauge theory in terms of N and the ‘t Hooft coupling λ = g2YMN .
Any Feynman diagram can be redrawn as a sum of color-flow diagrams with definite Euler
character χ (in the sense of graph theory). n-point functions of the operators trXk are of
the form
NχF (λ, xi) = N
χ[f0(xi) + λf1(xi) + · · ·] (8.2)
The right side shows the beginning of a weak coupling expansion. One can see that planar
diagrams (those with χ = 2) dominate in the large N -limit.
The extremely remarkable fact of the AdS/CFT correspondence is that the planar
contribution to n-point correlation functions of operators trXk and descendents can be
calculated (in the limit N →∞, λ >> 1) from classical supergravity, a strong coupling
limit of a QFT4 without gravity from classical calculations in a D=5 gravity theory. Results
are interpreted as the sum of the series in (8.2). Information about operators in long
representations can be obtained by including string scale effects. It is known that their
scale dimensions are of order λ
1
4 in the limit above. They decouple from supergravity
correlators.
This claim brings us to the supergravity side of the duality, namely to type IIB, D = 10
supergravity which has the product space-time AdS5×S5 as a classical “vacuum solution”.
The first hint of some relation to N = 4 SYM theory is the match of the isometry group
SO(2, 4)×SO(6) with the conformal and R-symmetry groups of the field theory. The vac-
uum solution is also invariant under 16+16 supercharges and thus has the same SU(2, 2|4)
superalgebra as the field theory.
Type IIB supergravity is a complicated theory whose structure was discussed in Secs.
4.4 and 4.5. Here we describe only the essential points necessary to understand the cor-
respondence with N = 4 SYM theory. Since the supergravity theory is the low energy
limit of IIB string theory, the 10D gravitational coupling may be expressed in terms of
the dimensionless string coupling gs and the string scale α
′ (of dimension l2). The rela-
tion is κ210 = 8πG10 = 64π
7g2sα
′4. The length scale of the AdS5 and S5 factors of the
vacuum space-time is L with L4 = 4πα′2gsN . The integer N is determined by the flux of
the self-dual 5−form field strength on S5. The volume of S5 is π3L3 so the effective 5D
gravitational constant is
κ25
8π
= G5 =
G10
Vol(S5)
=
πL3
2N2
(8.3)
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Among the bosonic fields of the theory, we single out the 10D metric gMN and 5-form
FMNPQR, which participate in the vacuum solution, and the dilaton φ and axion C. Other
fields consistently decouple from these and the subsystem is governed by the truncated
action (in Einstein frame)
SIIB =
1
16πG10
∫
d10z
√
g10{R10 − 12·5!FMNPQRFMNPQR − 12∂Mφ∂Mφ
−12e2φ∂MC∂MC}
(8.4)
Actually there is no covariant action which gives the self-dual relation F5 = ∗F5 as an
Euler-Lagrange equation, and the field equations from SIIB must be supplemented by this
extra condition.
Using xi, i = 0, 1, 2, 3 as Cartesian coordinates of Minkowski space with metric ηij =
(−+++) and ya, a = 1, 2, 3, 4, 5, 6 as coordinates of a flat transverse space, we write the
following ansatz for the set of fields above:
ds210 =
1√
H(ya)
ηijdx
idxj +
√
H(ya)δabdy
adyb
F = dA+ ∗dA A = 1
H(ya)
dx0 ∧ dx1 ∧ dx2 ∧ dx3
φ = C ≡ 0
(8.5)
Remarkably the configuration above is a solution of the equations of motion provided that
H(ya) is a harmonic function of ya, i .e.
6∑
a=1
∂2
∂ya∂ya
H = 0 (8.6)
Ex. 2: Verify that the above is a solution. Compute the connection and curvature of the
metric as an intermediate step. See the discussion of the Cartan structure equations in
Section 9 for some guidance.
The appearance of harmonic functions is typical of D-brane solutions to supergrav-
ity theories. The solutions (8.5) are 1
2
−BPS solutions which support 16 conserved su-
percharges. This fact may be derived by studying the transformation rules of Type IIB
supergravity to find the Killing spinors. A quite general harmonic function is given by
H = 1 +
M∑
I=1
L4I
(y − yI)4 L
4
I = 4πα
′ 2gsNI (8.7)
This describes a collection of M parallel stacks of D3-branes, with NI branes located at
position ya = yaI in the transverse space. This “multi-center” solution of IIB supergravity
defines a 10-dimensional manifold with M infinitely long throats as y → yI and which is
asymptotically flat as y → ∞. The curvature invariants are non-singular as y → yI , and
these loci are simply degenerate horizons. The solution has an AdS/CFT interpretation
as the dual of a Higgs branch vacuum state of N = 4 SYM theory, a vacuum in which
conformal symmetry is spontaneously broken. However, we are jumping too far ahead.
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Let’s consider the simplest case of a single stack of N D3-branes at yI = 0. We replace
the ya by a radial coordinate r =
√
yaya plus 5 angular coordinates yα on an S5. At the
same time we take the near-horizon limit. The physical and mathematical arguments for
this limit are rather complex and discussed in Sec 5.2 above, in [7] and elsewhere. We
simply state that it is the throat region of the geometry that determines the physics of
AdS/CFT. We therefore restrict to the throat simply by dropping the 1 in the harmonic
function H(r). Thus we have the metric
ds210 =
r2
L2
ηijdx
idxj +
L2dr2
r2
+ L2dΩ25 (8.8)
where dΩ25 is the SO(6) invariant metric on the unit S5. The metric describes the product
space AdS5 × S5. The coordinates (xi, r) are collectively called zµ below. These coordi-
nates give the Poincare´ patch of the induced metric on the hyperboloid embedded in
6-dimensions [7].
Y 20 + Y
2
5 − Y 21 − Y 22 − Y 23 − Y 24 = L2 (8.9)
Ex. 3: Show that the curvature tensor in the zµ directions has the maximal symmetric
form Rµνρλ = − 1L2 (gµρgνλ − gµλgνρ).
The bulk theory may now be viewed as a supergravity theory in the AdS5 space-time
with an infinite number of 5D fields obtained by Kaluza-Klein analysis on the internal
space S5. We will discuss the KK decomposition process and the properties of the 5D
fields obtained from it. The main point is to emphasize the 1:1 correspondence between
these bulk fields and the composite operators of the N = 4 SYM theory discussed above.
The linearized field equations of fluctuations about the background (8.8) were analyzed
in [51]. All fields of the D = 10 theory are expressed as series expansions in appropriate
spherical harmonics on S5. Typically the independent 5D fields are mixtures of KK modes
from different 10D fields. For example the scalar fields which correspond to the chiral
primary operators are superpositions of the trace hαα of metric fluctuations on S5 with
the S5 components of the 4-form potential Aαβγδ. The independent 5D fields transform in
representations of the isometry group SU(4) ∼ SO(6) of S5 which are determined by the
spherical harmonics.
The analysis of [51] leads to a graviton multiplet plus an infinite set of KK excitations.
We list the fields of the graviton multiplet, together with the dimensionalities of the cor-
responding SO(6) representations: graviton hµν , 1, gravitini ψµ, 4⊕ 4∗, 2-form potentials
Aµν , 6c, gauge potentials Aµ, 15, spinors λ, 4 ⊕ 4∗ ⊕ 20 ⊕ 20∗ = 48, and finally scalars
φ, 20′ ⊕ 10 ⊕ 10∗ ⊕ 1c = 42. In this notation 10∗ denotes the conjugate of the complex
irrep 10, while 6c denotes a doubling of the real 6-dimensional (defining) representation
of SO(6).
Each of these fields is the base of a KK tower. For the scalar primaries one effectively
has the following expansion, after mixing is implemented,
φ(z, y) =
∞∑
k=2
φk(z)Y
k(y) (8.10)
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Here Y k(y) denotes a spherical harmonic of rank k, so that φk(z) is a scalar field on AdS5
which transformsx in the [0, k, 0] irrep of SO(6). In the same way that every scalar field
on Minkowski space contains an infinite number of momentum modes, each φk contains
an infinite number of modes classified in a unitary irreducible representation of the AdS5
isometry group SO(2, 4). We will describe these irreps briefly. For more information, see
[168, 169, 24, 170]. The group has maximal compact subgroup SO(2)× SO(4) and irreps
are denoted by (∆, s, s′). The generator of the SO(2) factor is identified with the energy in
the physical setting, and ∆ is the lowest energy eigenvalue that occurs in the representa-
tion. The quantum numbers s, s′ designate the irrep of SO(4) in which the lowest energy
components transform. Unitarity requires the bounds
∆ ≥ 2 + s+ s′ if ss′ > 0 ∆ ≥ 1 + s if s′ = 0. (8.11)
In general ∆ need not be integer, but our KK scalars φk transform in the irrep [0,∆ = k, 0]
in which the energy and internal symmetry eigenvalues are locked, a condition which gives
a short representation of SU(2, 2|4).
Each φk(z) satisfies an equation of motion of the form
( AdS −M2)φk = nonlinear interaction terms (8.12)
The symbol is the invariant Laplacian on AdS5,
Ex. 4: Obtain its explicit form from the metric in (8.8).
Each KK mode has a definite mass M2 = m2/L2 and the dimensionless m2 is essentially
determined by SO(6) group theoryxi to be m2 = k(k − 4). Formulas of this type are
important in the AdS/CFT correspondence, because the energy quantum number, ∆ = k
in this case, is identified with the scale dimension of the dual operator in the N = 4 SYM
theory. Later we will see how this occurs.
Since the superalgebra SU(2, 2|4) operates in the dimensionally reduced bulk theory
all KK modes obtained in the decomposition process can be classified in representations
of SU(2, 2|4). It turns out that one gets exactly the set of short representation discussed
above for the composite operators of the field theory. There is thus a 1:1 correspondence
between the KK fields of Type IIB D = 10 supergravity and the composite operators (in
short representations) of N = 4 SYM theory. The φk we have been discussing are dual to
the chiral primary operators trXk. Within the lowest k = 2 multiplet, the 15 bulk gauge
fields Aµ are dual to the conserved currents Ji of the SO(6) R-symmetry group, and the
AdS5 metric fluctuation hµν is dual to the field theory stress tensor Tij .
Critics of the AdS/CFT correspondence legitimately ask whether results are due to dy-
namics or simply to symmetries. It thus must be admitted that the operator duality just
xindices for components of this irrep are omitted on both φk and Y
k.
xiIn the simplest case of the dilaton field, whose linearized 10D field equation is uncoupled, the masses in
the KK decomposition are simply given by the eigenvalues of the Laplacian on S5, namely m
2 = k(k+4).
The mass formula which follows differs because of the mixing discussed above.
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discussed was essentially ensured by symmetry. The superalgebra representations which
can occur in the KK reduction of a gravity theory whose “highest spin” field is the met-
ric tensor gMN are strongly constrained. In the present case of SU(2, 2|4) there was no
choice but to obtain the series of short representations which were found. So what we
have uncovered so far is just the working of the same symmetry algebra in two different
physical settings, a field theory without gravity in 4 dimensions and a gravity theory in 5
dimensions. The more dynamical aspects of the correspondence involve the interactions of
the dimensionally reduced bulk theory, e.g . the nonlinear terms in (8.12). It is notoriously
difficult to find these terms,xii but fortunately enough information has been obtained to
give highly non-trivial tests of AdS/CFT, some of which are discussed later.
8.1 AdSd+1Basics—Geometry and Isometries
We now begin our discussion of how to obtain information on correlation functions in
conformal field theory from classical gravity. For applications to the “realistic” case of
N = 4 SYM theory, we will need details of Type IIB supergravity, but we can learn a
lot from toy models of the bulk dynamics. In most cases we will use Euclidean signature
models in order to simplify the discussions and calculations.
Consider the Euclidean signature gravitational action in d+ 1 dimensions
S =
−1
16πG
∫
dd+1z
√
g(R− Λ) (8.13)
with Λ = −d(d − 1)/L2. The maximally symmetric solution is Euclidean AdSd+1 which
should be more properly called the hyperbolic space Hd+1. The metric can be presented
in various coordinate systems, each of which brings out different features. For now we will
use the upper half-space description
ds2 = L
2
z20
(dz20 +
∑d
i=1 dz
2
i )
= g¯µνdz
µdzν
(8.14)
Ex. 5: Calculate the curvatures Rµν =
−d
L2
g¯µν , R =
−d(d+1)
L2
.
The space is conformally flat and one may think of the coordinates as a (d+1)-dimensional
Cartesian vector which we will variously denote as zµ = (z0, zi) = (z0, ~z), with z0 > 0.
Scalar products z · w and invariant squares z2 involve a sum over all d + 1 components,
e.g . z · w = δµνzµwν .
The plane z0 = 0 is at infinite geodesic distance from any interior point. Yet it is
technically a boundary. Data must be specified there to obtain unique solutions of wave
equations on the spacetime, as we will see later. We will usually set the scale L = 1.
Equivalently, all dimensionful quantities are measured in units set by L.
xiiExcept in subsectors such as that of the 15Aµ where non-abelian gauge invariance in 5 dimensions
governs the situation.
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The continuous isometry group of Euclidean AdSd+1 is SO(d + 1, 1). This consists of
rotations and translations of the zi with
1
2
d(d− 1) + d parameters, scale transformations
zµ → λzµ with 1 parameter, and special conformal transformations whose infinitesimal
form is δzµ = 2c · zzµ− z2cµ, with cµ = (0, ci) and thus d parameters. The total number of
parameters is (d+ 2)(d+ 1)/2 which is the dimension of the group SO(d+ 1, 1).
Ex. 6: Verify explicitly the Killing condition DµKν + DνKµ = 0 for all infinitesimal
transformations. The covariant derivative Dµ includes the Christoffel connection for the
metric (8.14).
Ex. 7: (Extra credit !) Since AdSd+1is conformally flat, it has the same conformal group
SO(d+ 2, 1) as flat (d+ 1)-dimensional Euclidean space. There are d+ 2 additional con-
formal Killing vectors K¯µ which satisfy DµK¯ν +DνK¯µ − 2d+1 g¯µνDρK¯ρ = 0. Find them!
The AdSd+1space also has the important discrete isometry of inversion. We will
discuss this in some detail because it has applications to the computation of AdS/CFT
correlation functions and in conformal field theory itself. Under inversion the coordinates
zµ transform to new coordinates z
′
µ by zµ = z
′
µ/z
′2, and it is not hard to show that the line
element (8.14) is invariant under this transformation.
Ex. 8: Show this explicitly.
Inversion is also a discrete conformal isometry of flat Euclidean space.
The Jacobian of the transformation is also useful,
∂zµ
∂z′ν
= 1z′2Jµν(z)
Jµν(z) = Jµν(z
′) = δµν − 2zµzνz2
(8.15)
The Jacobian tells us how a tangent vector of the manifold transforms under inversion.
Ex. 9: View Jµν(z) as a matrix. Show that it satisfies Jµρ(z)Jρν(z) = δµν and has d
eigenvalues +1 and 1 eigenvalue −1.
Jµν is thus a matrix of the group O(d+1) which is not in the proper subgroup SO(d+1).
As an isometry, inversion is an improper reflection which cannot be continuously connected
to the identity in SO(d+ 1, 1).
Ex. 10: (Important but tedious !) Let zµ, wµ denote two vectors with z
′
µ, w
′
µ their images
under inversion. Show that
1
(z − w)2 =
(z′)2 (w′)2
(z′ − w′)2 (8.16)
Jµν(z − w) = Jµµ′(z′)Jµ′ν′(z′ − w′)Jν′ν(w′) (8.17)
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8.2 Inversion and CFT Correlation Functions
Although we have derived the properties of inversion in the context of AdSd+1, the manip-
ulations are essentially the same for flat d-dimensional Euclidean space. We simply replace
zµ, wµ by d-vectors xi, yi and take xi =
x′i
x′2 , etc. Inversion is now a conformal isometry and
in most cases xiii a symmetry of CFTd. Under the inversion xi → x′i, a scalar operator of
scale dimension ∆ is transformed as O∆(x)→ O′∆(x) = x′2∆O∆(x′). Correlation functions
then transform covariantly under inversion, viz.
〈O∆1(x1)O∆2(x2) · · ·O∆n(xn)〉
= (x′1)
2∆1(x′2)
2∆2 · · · (x′n)2∆n〈O∆1(x′1)O∆2(x′2) · · ·O∆n(x′n)〉 (8.18)
It is well known that the spacetime forms of 2- and 3-point functions are unique in
any CFTd, a fact which can be established using the transformation law under inversion.
These forms are
〈O∆(x)O∆′(y)〉 = cδ∆∆
′
(x− y)2∆ (8.19)
〈O∆1(x)O∆2(y)O∆3(3)〉 =
c˜
(x− y)∆12(y − z)∆23(z − x)∆31 (8.20)
∆12 = ∆1 +∆2 −∆3, and cyclic permutations
It follows immediately from the exercise above that they do transform correctly.
Operators such as conserved currents Ji and the conserved traceless stress tensor Tij
are important in a CFTd. Under inversion Ji(x)→ Jij(x′)x′2(d−1)Jj(x′) with an analogous
rule for Tij . The 2-point function of a conserved current takes the form
〈Ji(x)Jj(y)〉 ≈ (∂i∂j − δij) 1(x−y)(2d−4)
∼ Jij(x−y)
(x−y)(2d−2)
(8.21)
The exercise above can be used to show this tensor does transform correctly. Here are some
new exercises.
Ex. 11: show that the second line in (8.21) follows from the manifestly conserved first
form and obtain the missing coefficient.
Ex. 12: Use the projection operator πij = ∂i∂j − δij to write the 2-point correlator of
the stress tensor and then convert to a form with manifestly correct inversion properties,
xiiiInversion is an improper reflection similar to parity and is not always a symmetry of a field theory
action containing fermions.
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〈Tij(x)Tkl(y)〉 = [2πijπkl − 3(πikπjl + πilπjk)] c(x−y)(2d−4)
∼ Jik(x−y)Jjl(x−y)+k↔l−
2
dδijδkl
(x−y)2d
(8.22)
This form is unique. For d ≥ 4 there are two independent tensor structures for a 3-point
function of conserved currents and three structures for the 3-point function of Tij . For
more information on the tensor structure of conformal amplitudes, see the work of Osborn
and collaborators, for example [171, 172].
It is useful to mention that any finite special conformal transformation can be expressed
as a product of (inversion)(translation)(inversion).
Ex. 13: Show that the finite transformation is xi → (xi + x2ai)/(1 + 2a · x+ a2x2). Show
that the flat Euclidean line element transforms with a conformal factor under this trans-
formation. Show that the commutator of an infinitesimal special conformal transformation
and a translation involves a rotation plus scale transformation.
The behavior of amplitudes under rotations and translations is rather trivial to test.
Special conformal symmetry is more difficult, but it can be reduced to inversion. Thus the
behavior under inversion essentially establishes covariance under the full conformal group.
We will soon put the inversion to good use in our study of the AdS/CFT correspon-
dence, but we first need to discuss how the dynamics of the correspondence works.
8.3 AdS/CFT Amplitudes in a Toy Model
Let us consider a toy model of a scalar field φ(z) in an AdSd+1 Euclidean signature back-
ground. The action is
S =
1
8πG
∫
dd+1z
√
g¯
(
1
2
∂µφ∂
µφ+
1
2
m2φ2 +
1
3
bφ3 + · · ·
)
(8.23)
We will outline the general prescription for correlation functions due to Witten [3] and
then give further details. The first step is to solve the non-linear classical field equations
δS
δφ
= (− +m2)φ+ bφ2 + · · · = 0 (8.24)
with the boundary condition
φ(z0, ~z) −→
z0→0
zd−∆0 φ¯(~z)
∆ = d
2
+ 1
2
√
d2 + 4m2
(8.25)
This is a modified Dirichlet boundary value problem with boundary data φ¯(~z). The scaling
rate zd−∆0 is that of the leading Frobenius solution of the linearized version
xiv of (8.24)
xivTo simplify the discussion we restrict throughout to the range m2 > − d24 and consider ∆ > 12d. See
[173] for an extension to the region 12d ≥ ∆ ≥ 12 (d− 2) close to the unitarity bound; see also [174].
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Exact solutions of the non-linear equation (8.24) with general boundary data are be-
yond present ability, so we work with the iterative solution
φ0(z) =
∫
dd~xK∆(z0, ~z − ~x)φ¯(~x) (8.26)
φ(z) = φ0(z) + b
∫
dd+1w
√
g¯G(z, w)φ20(w) + · · · (8.27)
The linear solution φ0 involves the bulk-to-boundary propagator
K∆(z0, ~z) = C∆
(
z0
z20 + ~z
2
)∆
C∆ =
Γ(∆)
π
d
2Γ(∆− d
2
)
, (8.28)
which satisfies ( +m2)K∆(z0, ~z) = 0. Interaction terms require the bulk-to-bulk propa-
gator G(z, w) which satisfies (− z +m2)G(z, w) = δ(z, w)/√g¯ and is given by the hyper-
geometric function
G∆(u) = C˜∆(2u
−1)∆F
(
∆,∆− d+ 1
2
; 2∆− d+ 1;−2u−1
)
(8.29)
C˜∆ =
Γ(∆)Γ(∆− d
2
+ 1
2
)
(4π)(d+1)/2Γ(2∆− d+ 1)
u =
(z − w)2
2z0w0
.
This differs from the form given in Sec. 6.3 by a quadratic hypergeometric transformation,
see [134].
For several purposes in dealing with the AdS/CFT correspondence it is appropriate
to insert a cutoff at z0 = ǫ in the bulk geometry and consider a true Dirichlet problem
at this boundary. This is the situation of 19th century boundary value problems where
Green’s formula gives a well known relation between G and K. Essentially K is the normal
derivative at the boundary of G. The cutoff region has less symmetry than full AdS. Exact
expressions for G and K in terms of Bessel functions in the ~p-space conjugate to ~z are
straightforward to obtain, but the Fourier transform back to z0, ~z is unknown. See Sec. 8.5
below.
The next step is to substitute the solution φ(z) into the action (8.23) to obtain the on-
shell action S[φ¯] which is a functional of the boundary data. The key dynamical statement
of the AdS/CFT correspondence is that S[φ¯] is the generating functional for correlation
functions of the dual operator O(~x) in the boundary field theory, so that
〈O( ~x1) · · ·O( ~xn)〉 = (−)n−1 δ
δφ¯( ~x1)
· · · δ
δφ¯( ~xn)
S[φ¯]|
φ¯=0
(8.30)
Another way to state things is that the boundary data for bulk fields play the role of
sources for dual field theory operators. The integrals in the on-shell action diverge at the
boundary and must be cut off either as discussed above or by a related method [175, 176].
However we will proceed formally here.
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Figure 11: Some Witten Diagrams
From the expansion of S[φ¯] in powers of φ¯, one obtains a diagrammatic algorithm
(in terms of Witten diagrams) for the correlation functions. Some examples are given in
Figure 11. In these diagrams the interior and boundary of each disc denote the interior and
boundary of the AdS geometry. The rules for interpretation and computation associated
with the diagrams are as follows:
a. boundary points ~xi are points of flat Euclideand space where field theory operators
are inserted.
b. bulk points z, w ǫAdSd+1 and are integrated as
∫
dd+1z
√
g¯(z)
c. Each bulk-to-boundary line carries a factor of K∆ and each bulk-to-bulk line a factor
of G(z, w)
d. An n-point vertex carries a coupling factor from the interaction terms of the bulk
Lagrangian, e.g. L = 1
3
bφ3 + 1
4
cφ4 + · · · with the same combinatoric weights as for
Feynman-Wick diagrams. This is most clearly derived using the cutoff discussed
above.
Let us examine this construction more closely beginning with the linear solution for
bulk fields.
Ex. 14: Show that the linearized field equation can be written as
(z20∂
2
0 − (d− 1)z0∂0 + z20∇2 −m2)φ = 0 (8.31)
and that K(z0, ~z) given above is a solution. Plot K(z0, ~z) as a function of |~z| for several
fixed values of z0. Note that it becomes more and more like δ(~z) as z0 → 0.
The exercise shows that φ0(z) in (8.26) is indeed a solution of (8.31) and suggests that
it satisfies the right boundary condition. Let’s verify that it has the correct normalization
at the boundary. Because of translation symmetry there is no loss of generality in taking
~z = 0. We then have
φ(z0, 0) = C∆
∫
dd~x( z0
z2
0
+~x2
)∆φ¯(~x)
= C∆z
d−∆
0
∫
dd~y( 1
1+~y2
)∆φ¯(z0~y)
−→
z0→0
C∆z
d−∆
0 I∆φ¯(0)
I∆ =
∫ dd~y
(1+~y2)∆
(8.32)
Thus we do satisfy the boundary condition (8.25) provided that C∆ =
1
I∆
and the integral
does indeed give the value of C∆ in (8.28).
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8.4 How to calculate 3-point correlation functions
Two-point correlations do not contain a bulk integral and turn out to require a careful cut-
off procedure which we discuss later. For these reasons 3-point functions are the prototype
case, and we now discuss them in some detail. The basic integral to be done is:
A(~x, ~y, ~z) =
∫ dw0dd ~w
wd+10
(
w0
(w−~x)2
)∆1 (
w0
(w−~y)2
)∆2 (
w0
(w−~z)2
)∆3
(w − ~x)2 ≡ w20 + (~w − ~x)2
(8.33)
Let us first illustrate the use of the method of inversion. We change integration variable
by wµ = w
′
µ/w
′2 and at the same time refer boundary points to their inverses, i.e. ~x =
~x ′/(~x ′)2 and the same for ~y, ~z. The bulk-to-boundary propagator transform very simply
K∆(w, ~x) = |~x′|2∆K∆(w′, ~x ′) (8.34)
with the prefactor associated with a field theory operator O∆(~x) clearly in evidence. The
AdS volume element is invariant, i.e. dd+1w/wd+10 = d
d+1w′/w′d+10 since inversion is an
isometry.
Ex. 15: Use results of previous exercises to prove these important facts.
We then find that
A(~x, ~y, ~z) = |~x ′|2∆1|~y ′|2∆2|~z ′|2∆3A(~x ′, ~y ′, ~z ′) (8.35)
Thus the AdS/CFT procedure produces a 3-point function which transforms correctly
under inversion. See (8.18).
This is a very general property which holds for all AdS/CFT correlators. Suppose you
wish to calculate 〈J ai J bj J ck 〉. The Witten amplitude is the product (see [91]) of 3 vector
bulk-to-boundary propagators, each given by
Gµi(w, ~x) =
1
2
cd
wd−10
(w − ~x)d−1Jµi(w − ~x), (8.36)
in which the Jacobian (8.15) appears. The bulk indices are contracted with a vertex rule
from the Yang-Mills interaction fabcAaµA
b
ν∂µA
c
ν . If you try to do the change of variable
in detail, you get a mess. But the process is guaranteed to produce the correct inversion
factors for the conserved currents, namely |~x ′|2(d−1)Jii′(~x ′), etc, because inversion is an
isometry of AdSd+1and all pieces of the amplitude conspire to preserve this symmetry.
Ex. 16: Show that Gµi(w, ~x) satisfies the bulk Maxwell equation
∂µ
√
g¯g¯µν (∂νGρi(w, ~x)− ∂ρGνi(w, ~x)) = 0 (8.37)
where ∂µ = ∂/∂wµ. Express Gµi(w, ~x) in terms of the inverted Gµ′i′(w
′, ~x ′).
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We can conclude that all AdS/CFT amplitudes are conformal covariant! A transfor-
mation of the SO(d+1, 1) isometry group of the bulk is dual to an SO(d+1, 1) conformal
transformation on the boundary. Since there is a unique covariant form for scalar 3-point
functions, given in (8.18), the AdS/CFT integral A(~x, ~y, ~z) is necessarily a constant multi-
ple of this form. Our exercise also shows conclusively that a scalar field of AdS mass m2 is
dual to an operator O∆(~x) of dimension ∆ given by (8.25).
We still need to do the bulk integral to obtain the constant c˜. It is hard to do the integral
in the original form (8.33) because it contains 3 denominators and the restriction w0 > 0.
But we can simplify it by using inversion in a somewhat different way. We use translation
symmetry to move the point ~z −→ 0, i.e. A(~x, ~y, ~z) = A(~x− ~z, ~y − ~z, 0) ≡ A(~u,~v, 0). The
integral for A(~u,~v, 0) is similar to (8.33) except that the third propagator is simplified,(
w0
(w−~z)2
)∆3
−→
(
w0
w2
)∆3
= (w′0)
∆3. (8.38)
There is no denominator in the inverted frame since ~z = 0 −→ ~z ′ = ∞. After inversion
the integral is
A(~u,~v, 0) = 1|~u|2∆1 |~v|2∆2
∫
dd+1w′
(w′0)
d+1
(
w′0
(w′−~u ′)2
)∆1 ( w′0
(w′−~v ′)2
)∆2
(w′0)
∆3 (8.39)
The integral can now be done by conventional Feynman parameter methods, which give
A(~u,~v, 0) = 1|~u|2∆1 |~v|2∆2
a
|~u ′−~v ′|∆1+∆2−∆3
a = π
d/2
2
Γ(12 (∆1+∆2−∆3))Γ(12 (∆2+∆3−∆1))Γ(12 (∆3+∆1−∆2))
Γ(∆1)Γ(∆2)Γ(∆3)
Γ[1
2
(∆1 +∆2 +∆3 − d)]
(8.40)
Ex. 17: Repristinate the original variables ~x, ~y, ~z to obtain the form (8.20) with c˜ = a.
The major application of this result was already discussed in Sec. 6.7. A Princeton
group [92] obtained the cubic couplings bklm of the Type IIB supergravity modes on AdS5×
S5 which are dual to the chiral primary operators trXk, etc. of N =4 SYM theory. They
combined these couplings with the Witten integral above and observed that the AdS/CFT
prediction
〈trXk(~x)trX l(~y)trXm(~z)〉 = bklmckclcmA(~x, ~y, ~z) (8.41)
for the large N , large λ supergravity limit agreed with the free field Feynman ampli-
tude for these correlators. They conjectured a broader non-renormalization property. It
was subsequently confirmed in weak coupling studies in the field theory that order g2, g4
and non-perturbative instanton contributions to these correlations vanished for all N and
all gauge groups. General all orders arguments for non-renormalization have also been
developed. The non-renormalization of 3-point functions of chiral primaries (and their de-
scendents) was a surprise and the first major new result about N = 4 SYM obtained from
AdS/CFT. (See the references cited in Sec 6.7.)
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8.5 2-point functions
This is an important case, but more delicate, since a cutoff procedure is required to obtain a
concrete result from the formal integral expression. Since 3-point functions do not require a
cutoff, one way to bypass this problem is to study the 3-point function 〈Ji(z)O∆(x)O∗∆(y)〉
of a conserved current and a scalar operator O∆(x) assumed to carry one unit of U(1)
charge.xv The Ward identity relates 〈JiO∆O∗∆〉 to 〈O∆O∗∆〉. There is a unique conformal
tensor for 〈JiO∆O∗∆〉 in any CFTd, namely
〈Ji(z)O∆(x)O∗∆(y)〉 = −iξ 1(x−y)2∆−d+2
1
(x−z)d−2(y−z)d−2
[
(x−z)i
(x−z)2 −
(y−z)i
(y−z)2
]
(8.42)
and the Ward identity is
∂
∂zi
〈Ji(z)O∆(x)O∗∆(y)〉 = i[δ(x− z)− δ(y − z)]〈O∆(x)O∗∆(y)〉
= i[δ(x− z)− δ(y − z)] 2πd/2Γ(d/2)ξ
1
(x−y)2∆
(8.43)
Ex. 18: Derive (8.43) from (8.42).
To implement the gravity calculation of 〈JiO∆O∗∆〉 we extend the bulk toy model (8.23)
to include a U(1) gauge coupling
L =
1
4
FµνF
µν + g¯µν(∂µ + iAµ)φ
∗(∂ν − iAν)φ (8.44)
In application to the duality between Type IIB sugra and N = 4 SYM, the U(1) would
be interpreted as a subgroup of the SO(6) R-symmetry group. The cubic vertex leads to
the AdS integral
〈Ji(z)O∆(x)O∗∆(y)〉 = −i
∫ dd+1w
wd+10
Gµi(w, ~z)w
2
0K∆(w, ~x)
←→
∂
∂wµ
K∆(w, ~y). (8.45)
Ex. 19: The integral can be done by the inversion technique, please do it.
The result is the tensor form (8.42) with coefficient
ξ =
(∆−d/2)Γ(d2 )Γ(∆)
πd/2Γ(∆−d/2) (8.46)
Using (8.43) we thus obtain the 2-point function
〈O∆(x)O∗∆(y)〉 = (2∆−d)Γ(∆)πd/2Γ(∆−d/2)
1
(x−y)2∆ (8.47)
We now discuss a more direct computation [2, 91] of 2-point correlators from a Dirichlet
boundary value problem in the AdS bulk geometry with cutoff at z0 = ǫ. This method
xvWhen no ambiguity arises we will denote boundary points by x, y, z etc. rather than ~x, ~y, ~z.
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illustrates the use of a systematic cutoff, and it may be applied to (some) 2-point func-
tions in holographic RG flows for which the 3-point function 〈JiO∆O∗∆〉 cannot readily be
calculated.
The goal is to obtain a solution of the linear problem
( −m2)φ(z0, ~z) = 0
φ(ǫ, ~z) = φ¯(~z)
(8.48)
The result will be substituted in the bilinear part of the toy model action to obtain the
on-shell action. After partial integration we obtain the boundary integral
S[φ¯] =
1
2ǫd−1
∫
dd~zφ¯(~z)∂0φ(ǫ, ~z) (8.49)
Since the cutoff region z0 ≥ ǫ does not have the full symmetry of AdS, an exact solution
of the Dirichlet problem is impossible in x-space, so we work in p-space. Using the Fourier
transform
φ(z0, ~z) =
∫
dd~pei~p·~zφ(z0, ~p) (8.50)
we find the boundary value problem
[z20∂
2
0 − (d− 1)z0∂0 − (p2z20 +m2)]φ(z0, ~p) = 0
φ(ǫ, ~p) = φ¯(~p)
(8.51)
where φ¯(~p) is the transform of the boundary data. The differential equation is essentially
Bessel’s equation, and we choose the solution involving the function z
d/2
0 Kν(pz0), where
ν = ∆ − d/2, p = |~p|, which is exponentially damped as z0 → ∞ and behaves as zd−∆0 as
z0 → 0. The second solution zd/20 Iν(pz0) is rejected because it increases exponentially in
the deep interior. The normalized solution of the boundary value problem is then
φ(z0, ~p) =
z
d/2
0 Kν(pz0)
ǫd/2Kν(pǫ)
φ¯(~p), (8.52)
The on-shell action in p-space is
S[φ¯] = 1
2ǫd−1
∫
ddpddq(2π)dδ(~p+ ~q)φ(ǫ, ~p)∂0φ(ǫ, q) (8.53)
which leads to the cutoff correlation function
〈O∆(~p)O∆(~q)〉ǫ = − δ
2S
δφ¯(~p)δφ¯(p)
= −(2π)dδ(~p+~q)ǫd−1
d
dǫ ln(ǫ
d/2Kν(pǫ))
(8.54)
To extract a physical result, we need the boundary asymptotics of the Bessel function
Kν(pǫ). The values of ν = ∆ − d/2 which occur in most applications of AdS/CFT are
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integer. The asymptotics were worked out for continuous ν in the Appendix of [91] with an
analytic continuation to the final answer. Here we assume integer ν, although an analytic
continuation will be necessary to define Fourier transform to x-space. The behavior of
Kν(u) near u = 0 can be obtained from a standard compendium on special functions such
as [177]. For integer ν, the result can be written schematically as
Kν(u) = u
−ν(a0 + a1u2 + a2u4 + · · ·) + uνln(u) (b0 + b1u2 + b2u4 + · · ·) (8.55)
where the ai, bi are functions of ν given in [177]. This expansion may be used to compute
the right side of (8.54) leading to
〈O∆(~p)O∆(~q)〉ǫ = (2π)
dδ(~p+~q)
ǫd [−d2 + ν(1 + c2ǫ2p2 + c4ǫ4p4 + · · ·)
−2νb0a0 ǫ
2νp2ν ln(pǫ)(1 + d2ǫ
2p2 + · · ·)] (8.56)
where the new constants ci, di are simply related to ai, bi. From [177] we obtain the ratio
2νb0
a0
=
(−)(ν−1)
2(2ν−2)Γ(ν)2
(8.57)
which is the only information explicitly needed.
This formula is quite important for applications of AdS/CFT ideas to both conformal
field theories and RG flows where similar formulas appear. The physics is obtained in the
limit as ǫ → 0, and we scale out the factor ǫ2(∆−d) which corresponds to the change from
the true Dirichlet boundary condition to the modified form (8.25) for the full AdS space.
We also drop the conventional momentum conservation factor (2π)dδ(~p+ ~q) and study
〈O∆(p)O∆(−p)〉 = β0+β1ǫ
2p2+···+βν(ǫp)2(ν−1)
ǫ2∆−d −
2νb0
a0
p2ν ln(pǫ) +O(ǫ2) (8.58)
The first part of this expression is a sum of non-negative integer powers p2m with singu-
lar coefficients in ǫ. The Fourier transform of p2m is mδ(~x−~y), a pure contact term in the
~x-space correlation. Such terms are usually physically uninteresting and scheme dependent
in quantum field theory. Indeed it is easy to see that the singular powers ǫ2(m−∆)+d carried
by the terms corresponds to their dependence on the ultraviolet cutoff Λ2(∆−m)−d in a field
theory calculation. This gives rise to the important observation that the ǫ−cutoff in AdS
space which cuts off long distance effects in the bulk corresponds to an ultraviolet cutoff
in field theory. Henceforth we drop the polynomial contact terms in (8.58).
The physical p-space correlator is then given by
〈O∆(p)O∆(−p)〉 = −2νb0
a0
p2ν ln p. (8.59)
This has an absorptive part which is determined by unitarity in field theory. Its Fourier
transform is proportional to 1/(x− y)2∆ which is the correct CFT behavior for 〈O∆O∆〉.
The precise constant can be obtained using differential regularization [178] or by analytic
continuation in ν from the region where the Fourier transform is defined.
The result agrees exactly with the 2-point function calculated from the Ward identity
in (8.47).
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8.6 Key AdS/CFT results for N =4 SYM and CFTd correlators.
We can now summarize the important results discussed in this chapter and earlier ones
for CFTd correlation functions from the AdS/CFT correspondence.
i. the non-renormalization of 〈trXktrX ltrXm〉 in N =4 SYM theory
ii. 4-point functions are less constrained than 2- and 3- point functions in any CFT. In
general they contain arbitrary functions F (ξ, η) of two invariant variables, the cross ratios
ξ =
x213x
2
24
x212x
2
34
η =
x214x
2
24
x212x
2
34
xij = xi − xj (8.60)
One way to extract the physics of 4-point functions is to use the operator product expan-
sion. This is written
O∆(x)O∆′(y) −→
x→y
∑
p
a∆∆′∆p
(x−y)∆+∆′−∆pO∆p(y) (8.61)
which is interpreted to mean that at short distance inside any correlation function, the
product of two operators acts as a sum of other local operators with power coefficients.
For simplicity we have indicated only the contributions of primary operators. Thus, in the
limit where |x12|, |x34| ≪ |x13|, a 4-point function must factor as
〈O∆1(x1)O∆2(x2)O∆3(x3)O∆4(x4)〉 ≈
∑
p
a12p
(x12)∆1+∆2−∆p
cp
(x13)2∆p
a34p
(x34)
∆3+∆d−∆p
(8.62)
One must expect that AdS/CFT amplitudes satisfy this property and indeed they do in a
remarkably simple way. The amplitude of a Witten diagram for exchange of the bulk field
φp(z) dual to O∆p(~z) factors with the correct coefficients cp, a12p, a34p determined from 2-
and 3-point functions. This holds for singular powers, e.g. ∆1 +∆2 −∆p > 0.
The AdS/CFT amplitude also contains a ln(ξ) term in its short distance asymptotics.
This is the level of the OPE at which Op =: O∆1(~x)O∆2(~y) : contributes. In N = 4
SYM theory the normal product is a double trace operator, e.g. : trXk(y)trX l(y) :, which
has components in irreps of SO(6) contained in the direct product (0, k, 0)⊗ (0, l, 0). The
irreducible components are generically primaries of long representations of SU(2, 2|4).
Their scale dimensions are not fixed, and have a large N expansion of the form ∆kl =
k+ l+ γkl/N
2+ · · ·. The contribution ∆γkl can be read from the ln(ξ) term of the 4-point
function. It is a strong coupling prediction of AdS/CFT, which cannot yet be checked by
field theoretic methods.
iii. Another surprising fact about N = 4 SYM correlators suggested by the AdS/CFT
correspondence is that extremal n-point functions are not renormalized. The extremal
condition for 4-point functions is ∆1 = ∆2 + ∆3 + ∆4. The name extremal comes from
the fact that the correlator vanishes by SO(6) symmetry for any larger value of ∆1. As
discussed in detail in Secs. 6.8 and 6.9, the absence of radiative corrections was suggested
by the form of the supergravity couplings and Witten integrals. This prediction was con-
firmed by weak coupling calculation and general arguments in field theory. Field theory
then suggested that next-to-external correlators (∆1 = ∆2 + ∆3 + ∆4 − 2) were also not
renormalized, and this was subsequently verified by AdS/CFT methods.
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It is clear that the AdS/CFT correspondence is a new principle which stimulated an
interplay of work involving both supergravity and field theory methods. As a result we
have much new information about the N=4 SYM theory. It confirms that AdS/CFT has
quantitative predictive power, so we can go ahead and apply it in other settings.
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9 Holographic Renormalization Group Flows
We have already seen that AdS/CFT has taught us a great deal of useful information about
N = 4 SYM theory as a CFT4. But years of elegant work in CFT2 has taught us to consider
both the pure conformal theory and its deformation by relevant operators. The deformed
theory exhibits RG flows in the space of coupling constants of the relevant deformations.
For general dimension d we can also consider the CFTd perturbed by relevant operators.
For N = 4 SYM theory, the perturbed Lagrangian would take the form
L = LN=4 + 1
2
m2ijtrX
iXj +
1
2
Mabtrψ
aψb + bijktrX
iXjXk. (9.1)
For d > 2 there is the additional option of Coulomb and Higgs phases in which gauge
symmetry is spontaneously broken. The Lagrangian is not changed, but certain operators
acquire vacuum expectation values, e.g. 〈X i〉 6= 0 in N = 4 SYM. In all these cases
conformal symmetry is broken because a scale is introduced. The resulting theories have
the symmetry of the Poincare´ group in d dimensions which is smaller than the conformal
group SO(1, d+1). Our purpose in this chapter is to explore the description of such theories
using D = d+ 1 dimensional gravity. We will focus on relevant operator deformations.
9.1 Basics of RG flows in a toy model
The basic ideas for the holographic description of field theories with RG flow were presented
in [179, 180]. We will discuss these ideas in a simple model in which Euclidean (d + 1)-
dimensional gravity interacts with a single bulk scalar field with action
S = 1
4πG
∫
dd+1
√
g
[
−1
4
R +
1
2
∂µφ∂
µφ+ V (φ)
]
(9.2)
We henceforth choose units in which 4πG = 1. In these units φ is dimensionless and all
terms in the Lagrangian have dimension 2. We envisage a potential V (φ) which has one or
more critical points, i.e. V ′(φi) = 0, at which V (φi) < 0. We consider both maxima and
minima. See Figure 12.
ϕ
V(ϕ)
ϕ2
ϕ1
Figure 12: Potential V (φ)
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The Euler-Lagrange equations of motion of our system are
1√
g
∂µ(
√
ggµν∂νφ)− V ′(φ) = 0 (9.3)
Rµν − 1
2
gµνR = 2
[
∂µφ∂νφ− gµν
(
1
2
(∂φ)2 + V (φ)
)]
= 2Tµν (9.4)
For each critical point φi there is a trivial solution of the scalar equation, namely φ(z) ≡ φi.
The Einstein equation then reduces to
Rµν − 1
2
gµνR = −2gµνV (φi). (9.5)
This is equivalent to the Einstein equation of the action (8.13) if we identify Λi = 4V (φi) =
−d(d− 1)/L2i . Thus constant scalar fields with AdSd+1geometries of scale Li are solutions
of our model. We refer to them as critical solutions.
However, more general solutions in which the scalar field is not constant are needed to
describe the gravity duals of RG flows in field theory. Since the symmetries must match on
both sides of the duality, we look for solutions of the D = d+1-dimensional bulk equations
with d-dimensional Poincare´ symmetry. The most general such configuration is
ds2 = e2A(r)δijdx
idxj + dr2
φ = φ(r)
(9.6)
This is known as the domain wall ansatz. The coordinates separate into a radial coordinate
r plus d transverse coordinates xi with manifest Poincare´ symmetry. Several equivalent
forms which differ only by change of radial coordinate also appear in the literature.
Domain wall metrics have several modern applications, and it is worth outlining a
method to compute the connection and curvature. Symbolic manipulation programs are
very useful for this purpose, but analytic methods can also be useful, and we discuss a
method which uses the Cartan structure equations. A similar method works quite well
for brane metrics such as (8.5). One proceeds as follows using the notation of differential
forms:
1. The first step is to choose a basis of frame 1-forms ea = eaµdx
µ such that the metric
is given by the inner product ds2 = eaδabe
b.
2. The torsion-free connection 1-form is then defined by dea + ωab ∧ eb = 0 with the
condition ωab = −ωba. The connection is valued in the Lie algebra of SO(d+ 1).
3. The curvature 2-form is
Rab = dωab + ωac ∧ ωcb = 1
2
Rabcd e
c ∧ ed. (9.7)
The general formulas for ωabµ and R
ab
µν which appear in textbooks can be deduced from
these definitions. However, for a reasonably simple metric ansatz and suitable choice of
frame, it is frequently more convenient to use the definitions and compute directly. It takes
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some experience to learn to use the d and ∧ operations efficiently. One must also remember
to convert from frame to coordinate components of the curvature as needed.
For the domain wall metric a convenient frame is given by the transverse forms eiˆ =
eA(r)dxi, i = 1 · · ·d, and the radial form eD = dr.
Ex. 20: Use the Cartan structure equations with the frame 1-forms above to obtain the
domain wall connection forms:
ω iˆjˆ = 0 ωDiˆ = A′(r)eiˆ (9.8)
Find next the curvature 2-forms:
Riˆjˆ = −A′2eiˆ ∧ ejˆ
RiˆD = −(A′′ + A′2)eiˆ ∧ eD (9.9)
Next obtain the curvature tensor (with coordinate indices)
Rijkl = −A′2
(
δikδ
j
l − δilδjk
)
RiDjD = −(A′′ + A′2)δij
RijkD = 0
(9.10)
The final task is to find the Ricci tensor components
Rij = −e2A(A′′ + dA′2)δij
RDD = −d(A′′ + A′)2
RiD = 0
(9.11)
Ex. 21: If you still have some energy compute the non-vanishing components of the
Christoffel connection, namely
GDij = −e2AA′δij GijD = A′δij (9.12)
The fact that certain connection and curvature components vanish could have been seen
in advance, since there are no possible Poincare´ invariant tensors with the appropriate
symmetries. We can introduce a new radial coordinate z, defined by dz
dr
= e−A(r). This
brings the domain wall metric to conformally flat form. It’s Weyl tensor thus vanishes.
We now ask readers to manipulate the Einstein equation Gµν ≡ Rµν − 12δµνR = 2T µν for
the domain wall and deduce a simple condition on the scale factor A(r).
Ex. 22: Deduce that
GDD =
d(d−1)
2 A
′2 = 2TDD
Gij = δ
i
j(d− 1)
(
A′′ + 1
2
dA′2
)
= 2T ij
(9.13)
Compute Gii −GDD for any fixed diagonal component (no sum on i)and deduce that
A′′ =
2
d− 1
(
T ii − TDD
)
= − 2
d− 1φ
′2 (9.14)
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Thus we certainly have A′′ < 0 in the dynamics of the toy model. However there
is a much more general result, namely T ii − TDD < 0 for any Poincare´ invariant matter
configuration in all conventional models for the bulk dynamics, for example, several scalars
with non-linear σ-model kinetic term. In Lorentzian signature, the condition above is one
of the standard energy conditions of general relativity. Later we will see the significance
of the fact that A′′(r) < 0.
Ex. 23: Complete the analysis of the Einstein and scalar equations of motion for the
domain wall and obtain the equations
A′2 = 2d(d−1) [φ
′2 − 2V (φ)]
φ′′ + dA′φ′ = dV (φ)
dφ
(9.15)
It is frequently the case that the set of equations obtained from a given ansatz for a
gravity-matter system is not independent because of the Bianchi identity. Indeed in our
system the derivative of the A′2 equation combines simply with the the scalar equation to
give (9.14). We can thus view the system (9.15) as independent.
It is easy to see how the previously discussed critical solutions fit into the domain wall
framework. At each critical point φi of the potential, the scalar equation is satisfied by
φ(r) ≡ φi. The A′2 equation then gives A(r) = ± rLi + a0. The integration constant a0
has no significance since it can be eliminated by scaling the coordinates xi in (9.6). The
sign above is a matter of convention and we choose the positive sign. The metric (9.6) is
then equivalent to our previous description of AdSd+1with the change of radial coordinate
z0 = Lie
− r
Li . With this sign convention we find that r → +∞ is the boundary region and
r → −∞ is the deep interior.
Our main goal now is to discuss more general solutions of the system (9.15) in a
potential of the type shown in Figure 12. We are interested in solutions which interpolate
between two critical points, producing a domain wall geometry which approaches the
boundary region of an AdS space with scale L1 as r → +∞ and the deep interior of
another AdS with scale L2 as r → −∞. Such geometries are dual to field theories with
RG flow.
To develop this interpretation let’s first look at the quadratic approximation to the
potential near a critical point,
V (φ) ≈ V (φi) + 1
2
m2i
L2i
h2, (9.16)
where we use the fluctuation h = φ−φi and the scaled mass m2i = L2iV ′′(φi) with V (φi) =
−d(d − 1)/4L2i . Let’s recall the basic AdS/CFT idea that the boundary data for a bulk
scalar field is the source for an operator in quantum field theory. We apply this to the
fluctuation h(r, ~x) which will be interpreted as the bulk dual of an operator O∆(~x) whose
scale dimension is related to the mass m2i by (8.25). Given the discussion of Sec. 8.3 it is
reasonable to suppose that a general solution of the non-linear scalar equation of motion
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(9.3) will approach the critical point with the following boundary asymptotics for the
fluctuation,
h(r, ~x) −→
r→∞ e
(∆−d)rh˜(~x)
= e(∆−d)r(φ¯+ h¯(~x)).
(9.17)
in which h˜(~x) contains φ¯, describing the boundary behavior of the domain wall profile plus
a remainder h¯(~x). We can form the on-shell action S[φ¯ + h¯] which is a functional of this
boundary data.xvi
A neat way to package the statement that the bulk on-shell action generates correlation
functions in the boundary field theory is through the generating functional relation
〈e−[SCFT+
∫
dd~xO∆(~x)(φ¯+h¯(~x))]〉 = e−S[φ¯+h¯] (9.18)
in which 〈· · ·〉 on the left side indicates a path integral in the field theory. This is a
simple generalization of a formula which we have implicitly used in Sec. 8.3 for CFT
correlators, and SCFT must still appear. The natural procedure in the present case is to
define correlation functions by
(−)n−1δn
δh¯( ~x1) · · · δh¯( ~xn))S[φ¯+ h¯]|h¯=0. (9.19)
The term ∆S ≡ ∫ dd~xO∆(~x)φ¯ then remains in the QFT Lagrangian and describes an
operator deformation of the CFT with coupling constant φ¯. If 0 > m2 > −d2
4
< 0, that
is if the critical point φi is a local maximum which is not too steep, then d > ∆ >
1
2
d,
and we are describing a relevant deformation of a CFTUV , one which will give a new
long distance realization of the field theory. It is worth remarking that the lower bound
agrees exactly with the stability criterion [183, 184] for field theory in Lorentzian AdSd+1.
It is the lower mass limit for which the energy of normalized scalar field configurations is
conserved and positive.
If the critical point is a local minimum, then m2i > 0, and the dual operator has
dimension ∆ > d. We thus have the deformation of the CFT by an irrelevant operator,
exactly as describes the approach of an RG flow to a CFTIR at long distance. We thus see
the beginnings of a gravitational description of RG flows in quantum field theory!
9.2 Interpolating Flows, I
Interpolating flows are solutions of the domain wall equations (9.15) in which the scalar
field φ(r) approaches the maximum φ1 of V (φ) in Fig. 12 as r → +∞ and the minimum φ2,
as r → −∞. The associated metric approaches an AdS geometry in these limits as discussed
in the previous section. Exact solutions of the second order non-linear system (9.15) are
difficult (although we discuss an interesting method in the next section). However, we can
learn a lot by linearizing about each critical point.
xviA complete discussion should include the bulk metric which is coupled to φ(r, ~x). We have omitted
this for simplicity. See [181, 182] for a recent general treatment.
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We thus set φ(r) = φi + h(r) and A
′ = 1
Li
+ a′(r) and work with the quadratic
approximate potential in (9.16). (See Footnote xiv.) The linearized scalar equation of
motion and its general solution are
h′′ +
d
Li
h′ − m
2
i
L2i
h = 0 (9.20)
h(r) = Be(∆i−d)r/Li + Ce−∆ir/L (9.21)
∆i =
(
d+
√
d2 + 4m2i
)
/2 (9.22)
One may then linearize the scale factor equation in (9.15) to find a′ = O(h2) so that the
scale factor A(r) is not modified to linear order
Ex. 24: Verify the statements above.
The basic idea of linearization theory is that there is an exact solution of the nonlinear
equations of motion that is well approximated by a linear solution near a critical point.
Thus as r → +∞, we assume that the exact solution behaves as
φ(r) ≈
r≫0 φ1 +B1e
(∆1−d)r/L1 + C1e−∆1r/L1 . (9.23)
The fluctuation must disappear as r → +∞. For a generic situation in which the dominant
B term is present, this requires d
2
< ∆1 < d or m
2
1 < 0. Hence the critical point associated
with the boundary region of the domain wall must be a local maximum, and everything
is consistent with an interpretation as the dual of a QFTd which is a relevant deformation
of an ultraviolet CFTd.
Near the critical point φ2, which is a minimum, we have m
2
2 > 0 so ∆2 > d. This critical
point must be approached at large negative r, where the exact solution is approximated
by
φ(r) ≈
r≪0 φ2 +B2e
(∆2−d)r/L2 + C2e−∆xr/L2 . (9.24)
The second term diverges, so we must choose the solution with C2 = 0. Thus the domain
wall approaches the deep interior region with the scaling rate of an irrelevant operator of
scale dimension ∆2 > d exactly as required for infrared fixed points by RG ideas on field
theory.
The non-linear equation of motion for φ(r) has two integration constants. We must fix
one of them to ensure C = 0 as r → −∞. The remaining freedom is just the shift r → r+r0
and has no effect on the physical picture. A generic solution with C = 0 in the IR would
be expected to approach the UV critical point at the dominant rate Be(∆1−d)r/L1 which
we have seen to be dual to a relevant operator deformation of the CFTUV . It is possible
(but exceptional) that the C = 0 solution in the IR would have vanishing B term in the
UV and approach the boundary as C1e
−∆1r/L1. In this case the physical interpretation is
that of the deformation of the CFTUV by a vacuum expectation value, 〈O∆1〉 ∼ C1 6= 0.
See [185, 186, 187, 173].
104
The domain wall flow “sees” the AdSIR geometry only in the deep interior limit. To dis-
cuss the CFTIR and its operator perturbations in themselves, we must think of extending
this interior region out to a complete AdSd+1geometry with scale LIR = L2.
The interpolating solution we are discussing is plotted in Figure 13. The scale factor
A(r) is concave downward since A′′(r) < 0 from (9.14). This means that slopes of the linear
regions in the deep interior and near boundary are related by 1/LIR > 1/LUV (where we
have set LUV = L1). Hence,
VIR =
−d(d−1)
4L2IR
< VUV =
−d(d−1)
4L2UV
. (9.25)
Thus the flow from the boundary to the interior necessarily goes to a deeper critical point
of V (φ). Recall that the condition A′′(r) < 0 is very general and holds in any physically
reasonable bulk theory, e.g. a system of many scalars φI and potential V (φI). Thus any
Poincare´ invariant domain wall interpolating between AdS geometries is irreversible.
r
A(r)
ϕ(r)
ϕ2
ϕ1
Figure 13: Profile of the scale factor A(r)
The philosophy of the AdS/CFT correspondence suggests that any conspicuous feature
of the bulk dynamics should be dual to a conspicuous property of quantum field theory.
The irreversibility property reminds us of Zamolodchikov’s c-theorem [188] which implies
that RG flow in QFT2 is irreversible. We will discuss the c-theorem and its holographic
counterpart later. Our immediate goals are to present a very interesting technique for exact
solutions of the non-linear flow equations (9.15) and to discuss a “realistic” application of
supergravity domain walls to deformations of N =4 SYM theory.
9.3 Interpolating Flows, II
The domain wall equations
φ′′ + dA′φ′ =
dV (φ)
dφ
(9.26)
A′2 =
2
d(d− 1)
(
φ′2 − 2V (φ)
)
(9.27)
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constitute a non-linear second order system with no apparent method of analytic solution.
Nevertheless, a very interesting procedure which does give exact solutions in a number of
examples has emerged from the literature [189, 190, 191, 192].
Given the potential V (φ), suppose we could solve the following differential equation in
field space and obtain an auxiliary quantity, the superpotential W (φ):
1
2
(
dW
dφ
)2
− d
d− 1W
2 = V (φ) (9.28)
We then consider the following set of first order equations
dφ
dr
=
dW
dφ
(9.29)
dA
dr
= − 2
d− 1W (φ(r)) (9.30)
These decoupled equations have a trivial structure and can be solved sequentially, the first
by separation of variables, and the second by direct integration. (We assume that the two
required integrals are tractable.) It is then easy to show that any solution of the first
order system (9.28, 9.29, 9.30) is also a solution of the original second order
system (9.26, 9.27).
Ex. 25: Prove this!
It is also elementary to see that any critical point of W (φ) is also a critical point of V (φ)
but not conversely.
Ex. 26: Suppose that W (φ) takes the form W ≈ − 1
Li
(λ + 1
2
µh2) near a critical point.
Show that λ, µ are related to the parameters of the approximate potential in (9.16) by
λ = 1
2
(d − 1) and m2 = µ(µ − d). Show that the solution to the flow equation (9.29)
approaches the critical point at the rate h ∼ e−µr/L with µ = ∆, the vev rate, or µ = d−∆
the operator deformation rate.
This apparently miraculous structure generalizes to bulk theories with several scalars
φI and Lagrangian
L = −1
4
R +
1
2
∂µφ
I∂µφI + V (φI) (9.31)
The superpotential W (φI) is defined to satisfy the partial differential equation
1
2
∑
I
(
∂W
∂φI
)2
− d
d− 1W
2 = V (9.32)
The first order flow equations
dφI
dr
=
∂W
∂φI
(9.33)
dA
dr
= − 2
d − 1W (9.34)
automatically give a solution of the second order Euler-Lagrange equations of (9.31) for
Poincare´ invariant domain walls.
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Ex. 27: Prove this and derive first order flow equations with the same property for the
non-linear σ-model (in which the kinetic term of (9.31) is replaced by 1
2
GIJ(φ
K)∂µφ
I∂µφJ .
The equations (9.33) are conventional gradient flow equations. The solutions are paths
of steepest descent for W (φI), everywhere perpendicular to the contours W (φI) = const.
In applications to RG flows, the φI(r) represent scale dependent couplings of relevant
operators in a QFT Lagrangian, so we are talking about gradient flow in the space of
couplings—an idea which is frequently discussed in the RG literature!
There are two interesting reasons why there are first order flow equations which repro-
duce the dynamics of the second order system (9.26, 9.27).
1. They emerge as BPS conditions for supersymmetric domain walls in supergravity
theories. For a review, see [193]. The superpotential W (φI) emerges by algebraic
analysis of the quantum transformation rule. Bulk solutions have Killing spinors,
and bulk supersymmetry is matched in the boundary field theory which describes a
supersymmetric deformation of an SCFT.
2. They are the Hamilton-Jacobi equations for the dynamical system of gravity and
scalars [194]. The superpotential W (φI) is the classical Hamilton-Jacobi function,
and one must solve (9.28) or (9.32) to obtain it from the potential V (φI). This is
very interesting theoretically but rather impractical because it is rare that one can
actually use the Hamilton-Jacobi formulation to solve a dynamical system explicitly.
Numerical and approximate studies have been instructive [192, 195]. However, most
applications involve superpotentials from BPS conditions in gauged supergravity.
One may also employ a toy model viewpoint in which W (φI) is postulated with
potential V (φI) defined through (9.28) or (9.32).
9.4 Domain Walls in D = 5, N = 8, Gauged Supergravity
The framework of toy models is useful to illustrate the correspondence between domain
walls in (d+ 1)-dimensional gravity and RG flows in QFTd. However it is highly desirable
to have “realistic examples” which describe deformations of N = 4 SYM in the strong
coupling limit of the AdS/CFT correspondence. There are two reasons to think first about
supersymmetric deformations. As just discussed, the bulk dynamics is then governed by
a superpotential W (φI) with first order flow equations. Further the methods of Seiberg
dynamics can give control of the long distance non-perturbative behavior of the field theory,
so that features of the supergravity description can be checked.
We can only give a brief discussion here. We begin by discussing the relation between
D = 10 Type IIB sugra dimensionally reduced on AdS5×S5 of [51] and the D = 5, N = 8
supergravity theory with gauge group SO(6) first completely constructed in [196]. As
discussed in Section 9.3 above, the spectrum of the first theory consists of the graviton
multiplet, whose fields are dual due to all relevant and marginal operators of N = 4 SYM
plus Kaluza-Klein towers of fields dual to operators of increasing ∆. On the other hand
gauged N =8 supergravity is a theory formulated in 5 dimensions with only the fields of
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the graviton multiplet above, namely
gµν Ψ
a
µ A
A
µ Bµν X
abc φI
1 8 15 12 48 42
(9.35)
It is a complicated theory in which the scalar dynamics is that of a nonlinear σ-model on
the coset E(6, 6)/USp(8) with a complicated potential V (φI).
Gauged N = 8 supergravity has a maximally symmetric ground state in which the
metric is that of AdS5. The global symmetry is SO(6) with 32 supercharges, so that the
superalgebra is SU(2, 2|4). Symmetries then match the vacuum configuration of Type
IIB sugra on AdS5 × S5. Indeed D = 5, N = 8 sugra is believed to be the consistent
truncation of D = 10 Type IIB sugra to the fields of its graviton multiplet. This means
that every classical solution of D = 5, N = 8 sugra can be “lifted” to a solution of D = 10
Type IIB sugra. For example the SO(6) invariant AdS5 ground state solution lifts to the
AdS5 × S5 geometry of (8.8) (with other fields either vanishing or maximally symmetric).
There is not yet a general proof of consistent truncation, but explicit lifts of nontrivial
domain wall solutions have been given [197, 198, 199, 200]. Consistent truncation has been
established in other similar theories [201, 202].
In the search for classical solutions with field theory duals it is more elegant, more
geometric, and more “braney” to work at the level of D = 10 Type IIB sugra. There
are indeed very interesting examples of Polchinski and Strassler [203] and Klebanov and
Strassler [204]. Another example is the multi-center D3-brane solution of (8.5,8.7) which is
dual to a Higgs deformation of N = 4 SYM in which the SU(N) gauge symmetry is broken
spontaneously to SU(N1) ⊗ SU(N2) ⊗ · · · ⊗ SU(NM). In these examples the connection
with field theory is somewhat different from the emphasis in the present notes. For this
reason we confine our discussion to domain wall solutions of D = 5 N = 8 sugra. This is
a realistic framework since the D = 5 theory contains all relevant deformations of N = 4
SYM, and experience indicates that 5D domain wall solutions can be lifted to solutions of
D = 10 Type IIB sugra.
For domain walls, we can restrict to the metric and scalars of the theory which are
governed by the action
S =
∫
d5z
√
g
[
−1
4
R +
1
2
GIJ(φ
K)∂µφ
I∂µφJ + V (φk)
]
(9.36)
The 42 scalars sit in the 27-bein matrix V abAB(φ
K) of E(6, 6)/USp(8). The indices a, b and
AB have 8 values. They are anti-symmetrized (with symplectic trace removed) in most
expressions we write. The coset metric GIJ , the potential V and other quantities in the
theory are constructed from V abAB. Symmetries govern the construction, but the nested
structure of symmetries makes things very complicated.
A simpler question than domain walls is that of critical points of V (φk). The AdS/CFT
correspondence requires that every stable critical point with V < 0 corresponds to a CFT4.
Stability means simply that mass eigenvalues of fluctuations satisfy m2 > −4 so that
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bulk fields transform in unitary, positive energy representations of SO(2, 4) (for Lorentz
signature).
Even the task of extremizing V (φk) is essentially impossible in a space of 40 variables,
(V does not depend on the dilaton and axion fields), so one uses the following simple but
practically important trick, [205]:
a. Select a subgroup H of the invariance group SO(6) of V (φK).
b. The 42φK may be grouped into fields φ which are singlets of H and others ξ which
transform in non-trivial representations of H .
c. It follows from naive group theory that the expansion of V takes the form V (φ, ξ) =
V0(φ) + V2(φ)ξ
2 +O(ξ3) with no linear term.
d. Thus, if φ̂ is a stationary point of V0(φ), then φ̂, ξ = 0 is a stationary point of V (φ, ξ).
The problem is then reduced to minimization in a much smaller space.
The same method applies to all solutions of the equations of motion ∂S∂φK = 0, and to
the Killing spinor problem since that gives a solution to the equations of motion. The
general principle is that if S is invariant under G, in this case G = SO(6), and H ⊂ G
is a subgroup, then a consistent H-invariant solution to the dynamics can be obtained by
restricting, ab initio, to singlets of H .
All critical points with preserved symmetry H ⊇ SU(2) are known [206]. There are 5
critical points of which 3 are non-supersymmetric and unstable [196, 207]. There are two
SUSY critical points of concern to us. The first with H = SO(6) and full N =8 SUSY
is the maximally symmetric state discussed above, and the second has H = SU(2)⊗U(1)
and N =2SUSY . The associated critical bulk solutions are dual to the undeformed N =4
SYM and the critical IR limit of a particular deformation of N =4 SYM.
The search for supersymmetric domain walls in N = 8 gauged supergravity begins with
the fermionic transformation rulesxvii which have the form:
δψaµ = Dµǫ
a − 1
3
W ab γµǫ
b (9.37)
δχA =
(
γµPAaI∂φ
I −QAa (ϕ)
)
ǫa (9.38)
where A is an index for the 48 spinor fields χabc. The ǫa are 4-component symplectic
Majorana spinors [190] (with spinor indices suppressed and a = 1, · · · , 8). The matrices
W ab , P
A
aI and Q
A
a are functions of the scalars ϕ
I which are part of the specification of
the classical supergravity theory. Killing spinors ǫa(~x, r) are spinor configurations which
satisfy δψaµ=0 and δχ
A=0. The process of solving these equations leads both to the ǫa(~x, r)
and to conditions which determine the domain wall geometry which supports them. These
conditions, in this case the first order field equations (9.33, 9.34), imply that the bosonic
equations of motion of the theory are satisfied.
xviiConventions for spinors and γ-matrices are those of [190] with spacetime signature +−−−−.
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Ex. 28: For a generic SUSY or sugra theory, show that if there are Killing spinors for
a given configuration of bosonic fields, then that configuration satisfies the equations of
motion. Hint:
δS =
∫ [ δS
δB
δB +
δS
δψ
δψ
]
≡ 0, (9.39)
where B and ψ denote the boson and fermion fields of the theory and δB and δψ their
transformation rules.
We now discuss the Killing spinor analysis to outline how the first order flow equations
arise.
Ex. 29: Using the spin connection of Ex: 20, show that the condition δψaj=0 can be written
out in detail as
δψaj = ∂jǫ−
1
2
A′(r)γjγ5ǫa − 1
3
W ab γjǫ
b = 0 (9.40)
We can drop the first term because the Killing spinor must be translation invariant. What
remains is a purely algebraic condition, and we can see that the flow equation (9.30)
for the scale factor directly emerges with superpotential W (φ) identified as one of the
eigenvalues of the tensor W ab . In detail one actually has a symplectic eigenvalue problem,
with 4 generically distinct W ’s as solutions. Each of these is a candidate superpotential.
One must then examine the 48 conditions
δχA = (γ5PAaI∂rφ
I −QAa )ǫa = 0 (9.41)
to see if SUSY is supported on any of the eigenspaces. One can see how the gradient flow
equation (9.33) can emerge. Success is not guaranteed, but when it occurs, it generically
occurs on one of the four (symplectic) eigenspaces. The 5D Killing spinor solution satisfies
a γ5 condition effectively yielding a 4d Weyl spinor, giving N = 1 SUSY in the dual
field theory. Extended N > 1 SUSY requires further degeneracy of the eigenvalues. (The
δΨar = 0 condition which has not yet been mentioned gives a differential equation for the
r-dependence of ǫa(r))
Ex. 30: It is a useful exercise to consider a simplified version of the Killing spinor problem
involving one complex (Dirac) spinor with superpotential W (φ) with one scalar field. The
equations are
(Dµ − 13iWγµ)ǫ = 0
(−iγµ∂µφ− dWdφ )ǫ = 0
(9.42)
Show that the solution of this problem yields the flow equations (9.29,9.30) and
ǫ = e
A
2 η (9.43)
where η is a constant eigenspinor of γ5. Show that at a critical point of W, there is a
second Killing spinor (which depends on the transverse coordinates xi). See [70]. This
appears because of the the doubling of supercharges in superconformal SUSY .
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Needless to say the analysis is impossible on the full space of 42 scalars. Nor do we
expect a solution in general, since many domain walls are dual to non-supersymmetric
deformations and cannot have Killing spinors. In [190] a symmetry reduction to singlets
of an SU(2) subgroup of SO(6) was used. After further simplification it was found that
N = 1 SUSY with SU(2) × U(1) global symmetry was supported for flows involving
two scalar fields, φ2 a field with ∆ = 2 in the 20
′ of SO(6) in the full theory, and φ3 a
field with ∆ = 3 in the 10 + 10 representation. (In [190], these fields were called φ3, φ1
respectively.) The fields φ2, φ3 have canonical kinetic terms as in (9.31). Using ρ = e
φ2√
6 ,
the superpotential is
W (φ2, φ3) =
1
4Lρ2
[
cosh(2φ3)(ρ
6 − 2)− 3ρ6 − 2
]
(9.44)
Ex. 31: Show that W (φ2, φ3) has the following critical points:
i. a maximum at φ2 = 0, φ3 = 0, at which W = − 32L
ii. a saddle point at φ2 =
1√
6
ln 2, φ3 = ±12 ln 3 at which W = −2
2/3
L
. (The two solutions
are related by a Z2 symmetry and are equivalent).
Thus there is a possible domain wall flow interpolating between these two critical points.
The flow equation (9.33) cannot yet be solved analytically forW of (9.44), but a numerical
solution and its asymptotic properties were discussed in [190]. See Figure 14.
-0.2 -0.1 0 0.1 0.2
-0.75
-0.5
-0.25
0
0.25
0.5
0.75
Figure 14: Contour plot of W (φ2, φ3)
In accord with the general discussion of Section 9.2, the solution should be dual to a
relevant deformation of N =4 SYM theory which breaks SUSY to N = 1 and flows to an
SCFT4 at long distance. In the next section we discuss this field theory and the evidence
that the supergravity description is correct.
In the space of the two bulk fields φ2, φ3 there is a continuously infinite set of gradient
flow trajectories emerging from the N =4 critical point. One must tune the initial direction
to find the one which terminates at theN =1 point. All other trajectories approach infinite
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values in field space, and the associated geometries, obtained from the flow equation (9.34)
for A(r) have curvature singularities. There are analytic domain wall flows with φ3 ≡
0 [208, 209] and in other sectors [210] of the space of scalars of N = 8 sugra, and a
number of 2-point correlation functions have been computed [211, 212, 213, 214, 181, 182].
Nevertheless the curvature singularities are at least a conceptual problem for the AdS/CFT
correspondence. In any case we do not discuss singular flows here.
9.5 SUSY Deformations of N =4 SYM Theory
It is useful for several purposes to describe the N = 4 SYM theory in terms of N = 1
superfields. The 4 spinor fields λα are regrouped, and λ4 is paired with gauge potential Aj
in a gauge vector superfield V . The remaining λ1,2,3 may be renamed ψ1,2,3 and paired with
complex scalars z1 = X1+ iX4, z2 = X2+ iX5, z3 = X3+ iX6 to form 3 chiral superfields
Φi. In the notation of Section 2.5, the Lagrangian consists of a gauge kinetic term plus
matter terms
L =
∫
d4θtr
(
Φ¯iegVΦi
)
+
∫
d2θgtrΦ3[Φ1,Φ2] + h.c. (9.45)
The manifest supersymmetry is N = 1 with R-symmetry SU(3) ⊗ U(1). Full symmetry
is regained after re-expression in components because the Yukawa coupling g is locked to
the SU(N) gauge coupling. This formulation is commonly used to explore perturbative
issues since the N = 1 supergraph formalism (first reference in [13]) is quite efficient. This
formulation suits our main purpose which is to discuss SUSY deformations of the theory.
A general relevant N = 1 perturbation of N = 4 SYM is obtained by considering the
modified superpotential
U = gtrΦ3[Φ1,Φ2] +
1
2
MαβtrΦ
αΦβ (9.46)
This framework is called the N = 1∗ theory. The moduli space of vacua, ∂U
∂Φα
= 0, has
been studied [215, 216, 203] and describes a rich panoply of dynamical realizations of gauge
theories, confinement and Higgs-Coulomb phases, and as we shall see, a superconformal
phase.
We discuss here the particular deformation with a mass term for one chiral superfield
only
U = gtrΦ3[Φ1,Φ2] +
1
2
mtr(Φ3)2 (9.47)
The R-symmetry is now the direct product of SU(2) acting on Φ1,2 and U(1)R with charges
(1
2
, 1
2
, 1) for Φ1,2,3. The massive field Φ3 drops out of the long distance dynamics, leaving
the massless fields Φ1,2. We thus find symmetries which match those of the supergravity
flow of the last section. However to establish the duality, it needs to be shown that long
distance dynamics is conformal. We will briefly discuss the pretty arguments of Leigh and
Strassler [217] that show this is the case.
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The key condition for conformal symmetry is the vanishing of β-functions for the various
couplings in the Lagrangian. In a general N = 1 theory with gauge group G and chiral
superfields Φα in representations Rα of G, the exact NSV Z gauge β-function is
β(g) = − g
3
8π2
3T (G)−∑α T (Rα)(1−2γα)
1−g
2T (G)
8π2
(9.48)
where γα is the anomalous dimension of Φ
α and T (Rα) is the Dynkin index of the repre-
sentation. (If T a are the generators in the representation Rα, then trT
aT b ≡ T (Rα)δab).
In the present case, in which G = SU(N) and all fields are in the adjoint, we have
T (Rα) = T (G) = N , and
β(g) ∼ 2N(γ1 + γ2 + γ3) (9.49)
In addition we need the β-function for various invariant field monomials
Tr(Φ1)n1(Φ2)n2(Φ3)n3,
βn1,n2,n3 = 3−
3∑
α=1
nα −
3∑
α=1
nαγα (9.50)
This form is a consequence of the non-renormalization theorem for superpotentials in
N = 1 SUSY . The first two terms are fixed by classical dimensions and the last is due to
wave function renormalization. For the two couplings in the superpotential (9.47) we have
β1,1,1 = γ1 + γ2 + γ3 (9.51)
β0,0,2 = 1− 2γ3. (9.52)
One should view the γα(g,m) as functions of the two couplings. The conditions for the
vanishing of the 3 β-functions have the unique SU(2) invariant solution
γ1 = γ2 = −1
2
γ3 = −1
4
(9.53)
which imposes one relation between g,m, suggesting that the theory has a fixed line of
couplings. The β = 0 conditions are necessary conditions for a superconformal realization
in the infrared, and Leigh and Strassler give additional arguments that the conformal
phase is realized.
N = 1 superconformal symmetry in 4 dimensions is governed by the superalgebra
SU(2, 2, |1). This superalgebra has several types of short representations. (See Appendix of
[190]). For example, chiral superfields, either elementary or composite, are short multiplets
in which scale dimensions and U(1)R charge are related by ∆ =
3
2
r. For elementary fields
∆α = 1 + γα, and one can see that the γα values in (9.53) are correctly related to the
U(1)R charges of the Φ
α.
The observables in the SCFTIR are the correlation functions of gauge invariant com-
posites of the light superfieldsxviii Wα,Φ
1,Φ2. We list several short multiplets together with
xviiithe index of the field strength superfield Wa is that of a Lorentz group spinor, while that of Φ
α is
that of SU(2) flavor.
113
the scale dimensions of their primary components
O trΦαΦβ trWαΦβ trWαW α trΦ+TAΦ tr(WαWβ˙ + · · ·)
∆ 3
2
9
4
3 2 3
(9.54)
The first 3 operators are chiral, the next is the multiplet containing the SU(2) current,
and the last is the multiplet containing U(1)R current, supercurrent, and stress tensor.
Each multiplet has several components.
9.6 AdS/CFT Duality for the Leigh-Strassler Deformation
We now discuss the evidence that the domain wall of N = 8 gauged supergravity of
Section 9.4 is the dual of the mass deformation of N = 4 SYM of Section 9.5. There
are two types of evidence, the match of dimensions of operators, discussed here, and the
match of conformal anomalies discussed in the next chapter. Critics may argue that much
of the detailed evidence is a consequence of symmetries rather than dynamics. But it is
dynamically significant that the potential V (Φk) contains an IR critical point with the
correct symmetries and the correct ratio VIR/VUV to describe the IR fixed point of the
Leigh-Strassler theory. The AdS/CFT correspondence would be incomplete if D = 5 N =
8 sugra did not contain this SCFT4.
Whether due to symmetries or dynamics, much of the initial enthusiasm for AdS/CFT
came from the 1 : 1 map between bulk fields of Type IIB sugra and composite operators of
N = 4 SYM. The map was established using the relationship between the AdS masses of
fluctuations about the AdS5×S5 solution and scale dimensions of operators. The same idea
may be applied to fluctuations about the IR critical point of the flow of Section 9.4. One can
check the holographic description of the dynamics by computing the mass eigenvalues of
all fields in the theory, namely all fields of the graviton multiplet listed in Section 9.4. This
task is complicated because the Higgs mechanism acts in several sectors. Scale dimensions
are then assigned using the formula in (8.25) for scalars and its generalizations to other
spins. The next step is to assemble component fields into multiplets of the SU(2, 2|1)
superalgebra. One finds exactly the 5 short multiplets listed at the end of Section 9.5
together with 4 long representations. The detailed match of short multiplets confirms the
supergravity description, while the scale dimensions of operators in long representations
are non-perturbative predictions of the supergravity description.
It would be highly desirable to study correlation functions of operators in the Leigh-
Strassler flow, but this requires an analytic solution for the domain wall, which is so far
unavailable.
9.7 Scale Dimension and AdS Mass
For completeness we now list the relation between ∆ and the mass for the various bulk
fields which occur in a supergravity theory. For d = 4 some results were given in [170]. For
the general case of for AdSd+1, the relations are given below with references. There are
exceptional cases in which the lower root of ± is appropriate.
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1. scalars [3]: ∆± = 12(d±
√
d2 + 4m2),
2. spinors [218]: ∆ = 1
2
(d+ 2|m|),
3. vectors ∆± = 12(d±
√
(d− 2)2 + 4m2),
4. p-forms [148]: ∆ = 1
2
(d±
√
(d− 2p)2 + 4m2),
5. first-order (d/2)-forms (d even): ∆ = 1
2
(d+ 2|m|),
6. spin-3/2 [219, 220]: ∆ = 1
2
(d+ 2|m|),
7. massless spin-2 [221]: ∆ = 1
2
(d+
√
d2 + 4m2).
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10 The c-theorem and Conformal Anomalies
In this chapter we develop a theme introduced in Sec. 9.2, the irreversibility of domain
walls in supergravity and the suggested connection with the c-theorem for RG flows in
field theory. The c-theorem is related to the conformal anomaly. We discuss this anomaly
for 4d field theory and the elegant way it is treated in the AdS/CFT correspondence. This
suggests a simple form for a holographic c-function, and monotonicity follows from the
equation A′′(r) < 0. It follows that any RG flow which can be described by the AdS/CFT
correspondence satisfies the c-theorem. The holographic computation of anomalies agrees
with field theory for both the undeformed N = 4 SYM theory and the N = 1 Leigh-
Strassler deformation.
10.1 The c-theorem in Field Theory
We briefly summarize the essential content of Zamolodchikov’s c-theorem [188] which
proves that RG flows in QFT2 are irreversible. We consider the correlator 〈Tzz(z, z¯)Tzz(0)〉
in a flow from a CFTUV to a CFTIR. It has the form
〈Tzz(z, z¯)Tzz(0)〉 = c(M
2zz¯)
z4
(10.1)
where M2 is a scale that is present since conformal symmetry is broken. The function
c(M2zz¯) has the properties:
1. c(M2zz¯) → cUV as |z| → 0 and c(M2zz¯) → cIR as |z| → ∞ where cUV and cIR are
central charges of the critical theories CFTUV and CFTIR.
2. c(M2zz¯) is not necessarily monotonic, but there are other (non-unique) c-functions
which decrease monotonically toward the infrared and agree with c(M2zz¯) at fixed
points. Hence cUV > cIR which proves irreversibility of the flow!
3. the central charges are also measured by the curved space Weyl anomaly in which
the field theory is coupled to a fixed external metric gij and one has
〈θ〉 = − c
12
R (10.2)
for both CFTUV and CFTIR.
The intuition for the c-theorem comes from the ideas of Wilsonian renormalization and
the decoupling of heavy particles at low energy. Since Tij couples to all the degrees of
freedom of a theory, the c-function measures the effective number of degrees of freedom
at scale x =
√
zz¯. This number decreases monotonically as we proceed toward longer
distance and more and more heavy particles decouple from the low energy dynamics.
These are fundamental ideas and we should see if and how they are realized in QFT4 and
AdS5/CFT4.
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First we define two projection operators constructed from the basic πij = ∂i∂j − δij ,
Π
(0)
ijkl = πijπkl
∂
(2)
ijkl = 2πijπkl − 3(πikΠjl + πilπjk)
(10.3)
In any QFT4 the 〈TT 〉 correlator then takes the form
〈Tij(x)Tkl(0)〉 = −1
48π4
P
(2)
ijkl
c(m2x2)
x4
+ P
(0)
ijkl
f(M2x2)
x4
(10.4)
In a flow between two CFT’s, the central function [222] c(m2x2) approaches central
charges cUV , cIR in the appropriate limits, but f(M
2x2) → 0 in the UV and IR since
effects of the trace T ii must vanish in conformal limits.
The correlators of Tij can be obtained from a generating functional formally constructed
by coupling the flat space theory covariantly to a non-dynamical background metric gij(x).
For example, in a gauge theory one would take
S[gij, Ak] ≡ 1
4
∫
d4x
√
ggikgjlFijFkl (10.5)
The effective action is then defined as the path integral over elementary fields, e.g.
e−Seff [g] ≡
∫
[dAi]e
−S[g,A] (10.6)
Correlation functions are obtained by functional differentiation, viz.
〈Ti1j1(x1) · · ·Tinjn(xn)〉 =
(−)n−12n√
g(x1) · · ·
√
g(xn)
δn
δgi1j1(x1) · · · ginjn(xn)Seff [g] (10.7)
with gij → δij .
Consider two background metrics related by a Weyl transformation g′ij(x) =
e2σ(x)gij(x). Since the trace of Tij vanishes in a CFT and 〈T ii 〉 = −δS/δσ, one might
expect that Seff [g] = Seff [g′]. However, Seff [g] is divergent and must be regulated. This
must be done even for a free theory (such as the pure U(1) Maxwell theory). In a free the-
ory the correlators of composite operators such as Tij are well defined for separated points
but must be regulated since they are too singular at short distance to have a well defined
Fourier transform. Regularization introduces a scale and leads to the Weyl anomaly, which
is expressed as
〈T ii 〉 =
c
16π2
W 2ijkl −
a
16π2
R˜2ijkl + α R + βR
2 (10.8)
where the Weyl tensor and Euler densities are
W 2ijkl = R
2
ijkl − 2R2ij + 13R2
(1
2
ǫij
mnRmnkl)
2 = R2ijkl − 4R2ij +R2
(10.9)
The anomaly must be local since it comes from ultraviolet divergences, and we have written
all possible local terms of dimension 4 above. One can show that βR2 violates the Wess-
Zumino consistency condition while R is the variation of the local term
∫
d4x
√
gR2
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in Seff [g]. Finite local counter terms in an effective action depend on the regularization
scheme and are usually considered not to carry dynamical information. (But see [223] for
a proposed c-theorem based on this term. See [224] for a more extensive discussion of the
Weyl anomaly.)
For the reasons above attention is usually restricted to the first two terms in (10.8).
The scheme-independent coefficients c, a are central charges which characterize a CFT4.
One can show by a difficult argument [225, 226] that c for the critical theories CFTUV ,
CFTIR agrees with the fixed point limits cUV , cIR of c(M
2x2) in (10.4). The central charge
a is not measured in 〈TT 〉 but agrees with constants aUV , aIR obtained in short and long
distance limits of the 3-point function 〈TTT 〉, see [172, 227]
What can be said about monotonicity? One might expect cUV > cIR, since the Weyl
central charge is related to 〈TT 〉 and thus closer to the notion of unitarity which was
important in Zamolodchikov’s proof. However this inequality fails in some field theory
models. Cardy [228] conjectured that the inequality aUV > aIR is the expression of the
c-theorem in QFT4. This is plausible since a is related to the topological Euler invariant
in common with c for QFT2, and Cardy showed that the inequality is satisfied in sev-
eral models. Despite much effort (see [229] and references therein), there is no generally
accepted proof of the c-theorem in QFT4.
The values of c, a for free fields have been known for years. They were initially calculated
by heat kernel methods, as described in [224]. The free field values agree with cUV , aUV in
any asymptotically free gauge theory, since the interactions vanish at short distance. For
a theory of N0 real scalars, N 1
2
Dirac fermions, and N1 gauge bosons, the results are
cUV =
1
120
[N0 + 5N 1
2
+ 12N1]
aUV =
1
360
[N0 + 11N 1
2
+ 62N1]
(10.10)
In a SUSY gauge theory, component fields assemble into chiral multiplets (2 real scalars
plus 1 Majorana (or Weyl) spinor) and vector multiplets (1 gauge boson plus 1 Majorana
spinor). For a theory with Nχ chiral and NV vector multiplets, the numbers above give
cUV =
1
24
[Nχ + 3NV ]
aUV =
1
48
[Nχ + 9NV ].
(10.11)
It is worthwhile to present some simple ways to calculate these central charges which
are directly accessible to field theorists. Because of the relation to 〈TijTkl〉 detailed above,
the values of cUV can be easily read from a suitably organized calculation of the free field 1-
loop contributions of the various spins. For gauge bosons one must include the contribution
of Faddeev-Popov ghosts.
Ex. 32: Do this. Work directly in x-space at separated points. No integrals and no regu-
larization is required. Organize the result in the form of the first term of (10.4).
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In SUSY gauge theories the stress tensor has a supersymmetric partner, the U(1)R
current Ri. There are anomalies when the theory is coupled to gij and/or an external
vector Vi(x) with field strength Vij . Including both sources one can write the combined
anomalies as [226]
〈T ii 〉 = c16π2W 2ijkl − a16π2 R˜2ijkl + c6π2V 2ij
〈∂i√gRi〉 = c−a24π2RijklR˜ijkl + 5a−3c9π2 VijV˜ ij
(10.12)
Anomalies in the coupling of a gauge theory to external sources may be called external
anomalies. There are also internal or gauge anomalies for both 〈T ii 〉 and Ri. The gauge
anomaly of Ri is described by an additional term in (10.12) proportional to β(g)FijF˜
ij,
but this term vanishes in a CFT.
The formula (10.12) can be used to obtain c, a from 1-loop fermion triangle graphs
for both the UV and IR critical theories. The triangle graph for 〈RiTjkTlm〉 is linear
in the U(1)R charges rαˆ of the fermions in the theory, while the graph for 〈RiRjRk〉 is
cubic. We consider a general N = 1 theory with gauge group G and chiral multiplets in
representations Rα of G. Comparing standard results for the anomalous divergences of
triangle graphs with (10.12), one finds (see [226, 230]),
c− a = − 1
16
(dimG+
∑
α dimRα(rα − 1)) (10.13)
(10.14)
5a− 3c = 9
16
(dimG+
∑
α dimRα(rα − 1)3 (10.15)
We incorporate the facts that the U(1)R charge of the gaugino is rλ = 1 while the charge
of a fermion ψα in a chiral multiplet is related to the charge of the chiral superfield Φ
α by
rαˆ = rα − 1.
If asymptotic freedom holds, then the CFTUV is free, and one obtains its central charges
cUV , aUV using the free field U(1)R charges, rλ = 1 for the gaugino and rα =
2
3
for chiral
multiplets. The situation is more complex for the CFTIR since the central charges are cor-
rected by interactions. Seiberg and others following his techniques have found a large set
of SUSY gauge theories which do flow to critical points in the IR [18]. The N =1 super-
conformal algebra SU(2, 2|1) contains a U(1)R current Si which is in the same composite
multiplet as the stress tensor. In many models this current is uniquely determined as a
combination of the free current Ri plus terms which cancel the internal (gauge) anoma-
lies of the former. Of course, the current Si must also be conserved classically. Thus the
S-charges of each Φα arrange so that all terms in the superpotential U(Φα) have charge
2.It is the S-current which is used to show that anomalies match between Seiberg duals.
These anomalies can be calculated from 1-loop graphs because the external anomalies are
1-loop exact for currents with no gauge anomaly. This is just the standard procedure of
’t Hooft anomaly matching. The charge assigned by the Si current is rλ = 1 for gauginos
and uniquely determined values rα for chiral multiplets. It can be shown [231, 226] that
cIR, aIR are obtained by inserting these values in (10.13).
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Given this theoretical background it is a matter of simple algebra to obtain the UV
and IR central charges and subtract to deduce the following formulas for their change in
an RG flow:
cUV − cIR = 1384
∑
α dimRa(2− 3rα)[(7− 6rα)2 − 17] (10.16)
(10.17)
aUV − aIR = 196
∑
α dimRα(3rα − 2)2(5− 3rα) (10.18)
These formulas were applied [230] to test the proposed c-theorem in the very many Seiberg
models of SUSY gauge theories with IR fixed points. Results indicated that the sign of
cUV − cIR is model-dependent, but aUV − aIR > 0 in all models. Thus there is a wealth of
evidence that the Euler central charge satisfies a c-theorem, even though a fundamental
proof is lacking.
Ex. 33: Serious readers are urged to verify as many statements about the anomalies as
they can. For minimal credit on this exercise please obtain the flow formulas (10.16) from
(10.13).
Let us now apply some of these results to the field theories of most concern to us,
namely the undeformed N = 4 theory and its N = 1 mass deformation. We can view the
undeformed theory as the UV limit of the flow of itsN = 1 deformation. The free R-current
assigns the charges (1,−1
3
,−1
3
,−1
3
) to the gaugino and chiral matter fermions of the N = 1
description, while the S-current of the mass deformed theory with superpotential in (9.47)
assigns (1,−1
2
,−1
2
, 0). In both cases these are elements of the Cartan subalgebra of SU(4)R
and have vanishing trace. It is easy to see that the formula (10.13) for c−a is proportional
to this trace and vanishes. The same observation establishes that both currents have no
gauge anomaly. The formula (10.15) then becomes
a = c =
9
32
(N2 − 1)(1 +∑ (rα − 1)3). (10.19)
Applied to the free current and then the S-current, this gives
aUV = cUV =
1
4
(N2 − 1)
aIR = cIR =
27
32
1
4
(N2 − 1).
(10.20)
The relation ∆ = 3
2
r between scale dimension and U(1)R charge also leads to the
assignment of charges we have used. In the UV limit we have the N = 4 theory with
chiral superfields Wα,Φ
β with dimensions 3
2
, 1. In the IR limit we must consider the SU(2)
invariant split Wα,Φ
1,2,Φ3, and the Leigh-Strassler argument for a conformal fixed point
which requires ∆ = 3
2
, 3
4
, 3
4
, 3
2
. These values give the fermion charges used above. It is no
accident that r = 0 for the fermion ψ3. The Φ3 multiplet drops out at long distance and
thus cannot contribute to IR anomalies.
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10.2 Anomalies and the c-theorem from AdS/CFT
One of the early triumphs of the AdS/CFT was the calculation of the central charge c
for N = 4 SYM from the 〈TT 〉 correlator whose absorptive part was obtained from the
calculation of the cross-section for absorption of a graviton wave by the D3-brane geometry,
[2]. This was reviewed in [162] and we will take a different viewpoint here.
We will describe in some detail the general approach of Henningson and Skenderis [175]
to the holographic Weyl anomaly. This leads to the correct values of the central charges
and suggests a simple monotonic c-function.
We focus on the gravity part of the toy model action of Sec 9.1
S =
−1
16πG
[
∫
d5z
√
g(R +
12
L2
) +
∫
d4z
√
γ2K] (10.21)
in which we have added the Gibbons-Hawking surface term which we will explain further
below. Lower spin bulk fields can be added and do not change the gravitational part of
the conformal anomaly.
One solution of the Einstein equation is the AdSd+1 geometry which we previously
wrote as
ds2 = e
2r
L δijdx
idxj + dr2 (10.22)
We introduce the new radial coordinate ρ = e−
2r
L in order to follow the treatment of [175].
The boundary is now at ρ = 0.
Ex. 34: Show that the transformed metric is
ds2 = L2[
dρ2
4ρ2
+
1
ρ
δijdx
idxj] (10.23)
This is just AdS5 in new coordinates. We now consider more general solutions of the form
ds2 = L2[
dρ2
4ρ2
+
1
ρ
gij(x, ρ)dx
idxj ] (10.24)
with non-trivial boundary data on the transverse metric, viz.
gij(x, ρ) −→
ρ→0 g¯ij(x) (10.25)
The reason for this generalization may be seen by thinking of the form g¯ij(x) = δij+hij(x).
The first term describes the flat boundary on which the CFT4 lives, while hij(x) is the
source of the stress tensor Tij . We can use the formalism to compute 〈Tij〉, 〈TijTkl〉, etc.
Ex. 35: Consider the special case of (10.24) in which gij(x, ρ) = gij(x) depends only on
the transverse xi. Let Rijkl, Rij and R denote Riemann, Ricci and scalar curvatures of the
4d metric gij(x). Show that the 5D metric thus defined satisfies the EOM Rµν = −4gµν if
Rij = 0. Show that the 5D curvature invariant is
RµνρσR
µνρσ =
ρ2
L4
RijklR
ijkl − 4ρ
L2
R +
40
L4
(10.26)
Thus, as observed in [232], if Rij = 0, we have a reasonably generic solution of the 5D
EOM’s with a curvature singularity on the horizon, ρ→∞.
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As we will see shortly we will need to introduce a cutoff at ρ = ǫ and restrict the
integration in (10.21) to the region ρ ≥ ǫ. The induced metric at the cutoff is γij = gijρ .
The measure
√
γ appears in the surface term in (10.21) as does the trace of the second
fundamental form
K = γijKij = −gijρ ∂
∂ρ
(
gij(x, ρ)
ǫ
) |
ρ=ǫ
(10.27)
We now consider a particular type of infinitesimal 5D diffeomorphism first considered
in this context in [233]:
ρ = ρ′(1− 2σ(x′))
xi = x′i + ai(x′, ρ′)
(10.28)
with
ai(x, ρ) =
L2
2
∫ ρ
0
dρˆgij(x, ρˆ)∂jσ(x) (10.29)
Ex. 36: Show that g′55 = g55 and g
′
5i = g5i = 0 under this diffeomorphism, but that
gij → g′ij = gij + 2σ(1− ρ ∂
∂ρ
)gij +∇iaj +∇jai (10.30)
In the boundary limit, ai → 0 and ρ ∂∂ρ gij → 0, so that
g¯ij(x)→ g¯′ij(x) = (1 + 2σ(x))g¯ij(x) (10.31)
Hence the effect of the 5D diffeomorphism is a Weyl transformation of the boundary metric!
This raises a puzzle. Consider the on-shell action S[g¯ij] obtained by substituting the
solution (10.24) into (10.21). Since the bulk action and the field equations are invariant
under diffeomorphisms, we would expect S[g¯ij] = S[g¯′ij ]. But AdS/CFT requires that
S[g¯ij] = Seff [g¯ij], and we know that, due to the Weyl anomaly, Seff [g¯ij] 6= Seff [g¯′ij ].
The resolution of the puzzle is that S[g¯ij] as we defined it is meaningless since it diverges.
This isn’t the somewhat fuzzy-wuzzy divergence usually blamed on the functional integral
for Seff [g¯ij] in quantum field theory. It is very concrete; when you insert a solution of
Einstein’s equation with the boundary behavior above into (10.21), the radial integral
diverges near the boundary.
Therefore we define a cutoff action Sǫ[g¯ij] as the on-shell value of (10.21) with radial
integration restricted to ρ ≥ ǫ. One can study its dependence on the cutoff to obtain and
subtract a counterterm action Sǫ[g¯ij]ct to cancel singular terms as ǫ → 0 . Sǫ[g¯ij]ct is an
integral over the hypersurface ρ = ǫ of a local function of the induced metric γij and its
curvatures, and it is not Weyl invariant. The renormalized action is defined as
Sren[g¯] ≡= lim
ǫ→0(Sǫ[g¯]− Se[g¯]ct) (10.32)
We now outline how the calculation of correlation functions and the conformal anomaly
proceeds in this formalism and then discuss further necessary details. The variation of Sren
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is
δSren[g¯] ≡ 1
2
∫
d4x
√
g¯〈Tij〉δg¯ij. (10.33)
The variation defines the quantity 〈Tij(x)〉 which, in the light of (10.6), is interpreted as
the expectation value of the field theory stress tensor in the presence of the source g¯ij, and
it depends non-locally on the source. Correlation functions in the CFT are then obtained
by further differentiation, e.g.
〈Tij(x)Tkl(y)〉 = − 2√
g¯(y)
δ
δg¯kl(y)
〈Tij(x)〉|g¯ij=δij (10.34)
The contributions to 〈Tij(x)〉 come from the surface term in the radial integral in Sǫ[g¯]
and from Sǫ[g¯]ct. Possible contributions involving bulk integrals vanish by the equations of
motion.
The variation δg¯ij is arbitrary; let’s choose it to correspond to a Weyl transformation,
i.e. δg¯ij = −2g¯ijδσ. Then (10.33) gives
〈T ii 〉 = g¯ij〈Tij〉 = −
δSren[g¯]
δσ
(10.35)
which is a standard result in quantum field theory in curved space. The quantity 〈T ii 〉 is
to be identified with the conformal anomaly of the CFT and must therefore be local. It is
local, and the holographic computation gives (as we derive below)
〈T ii 〉 =
L3
8πG
(
1
8
RijRij − 1
24
R2) (10.36)
(The 2-point function (10.34) must be non-local, and it is. See [181, 182] for recent studies
in the present formalism, and [214] for a closely related treatment.)
The holographic result may be compared with the field theory 〈T ii 〉 in (10.8). The
absence of the invariant R2ijkl in (10.36) requires c = a. Thus we deduce that any CFT4
which has a holographic dual in this framework must have central charges which satisfy
c = a (at least as N →∞ when the classical supergravity approximation is valid.) This is
satisfied by N =4 SYM but not by the conformal invariant N = 2 theory with an SU(N)
gauge multiplet and 2N fundamental hypermultiplets.
Ex. 37: Show that when c = a the QFT trace anomaly of (10.8) reduces to
〈T ii 〉 =
c
8π2
(RijRij − 1
3
R2) (10.37)
Thus agreement with the holographic result (10.36) requires c = πL
3
8G
. To check this
recall that G is the 5D Newton constant, so that G = G10
V olS5
= πL
3
2N2
, where the last equality
incorporates the requirement that AdS5 × S5 with 5-form flux N is a solution of the field
equations of D = 10 Type IIB sugra. This gives the anomaly of undeformed N = 4 SYM
theory on the nose!
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The Henningson-Skenderis method is very elegant and has useful generalizations [176].
It is worth discussing in more detail. The treatment starts with the mathematical result
[234] that the general solution of the Einstein equations can be brought to the form (10.24),
and that the transverse metric can be expanded in ρ near the boundary as
gij(x, ρ) = g¯ij + ρg(2)ij + ρ
2g(4)ij + ρ
2 ln ρh(4)ij + · · · (10.38)
The tensor coefficients are functions of the transverse coordinates xi. The tensors
g(2)ij , h(4)ij can be determined as local functions of the curvature R¯ijkl of the boundary
metric g¯ij. One just needs to substitute the expansion (10.38) in the 5D field equations
Rµν = −4gµν and grind out a term-by-term solution.
Ex. 38: Do this and derive g(2)ij =
1
2
(R¯ij − 16R¯g¯ij). Very serious readers are encouraged
to obtain the more complicated result for h(4)ij given in (A.6) of [176].
The tensor g(4)ij is only partially determined by this process of near-boundary anal-
ysis. Specifically its divergence and trace are local in the curvature R¯ijkl, but transverse
traceless components are left undetermined. This is sensible since the EOM ’s are second
order, and the single Dirichlet boundary condition does not uniquely fix the solution. At
the linearized level the extra condition of regularity at large ρ (the deep interior) is im-
posed. The transverse traceless part of g(4)ij then depends non-locally on g¯ij and eventually
contributes to n-point correlators of Tij in the dual field theory.
The local tensors in (10.38) are sufficient to determine the divergent part of Sǫ[g¯]. It
is tedious, delicate (but straightforward!) to substitute the expansion in (10.21), integrate
near the boundary and identify the counterterms which cancel divergences. The result is
Sǫ[g¯]ct =
1
4πG
∫
d4x
√
γ(
3
2L2
− Rˆ
8
− L
2 ln ǫ
32
(RˆijRˆij − 1
3
Rˆ2)) (10.39)
where Rˆij and Rˆ are the Ricci and scalar curvatures of the induced metric γij =
gij(x,ǫ)
ǫ
.
The first two terms in (10.39) thus have power singularities as ǫ→ 0. Recall the discussion
of cutoff dependence in Section 8.5. In the ρ = z20 coordinate, the bulk cutoff ǫ should be
identified with 1/Λ2 where Λ is the UV cutoff in QFT. Thus we find the quartic, quadratic,
and logarithmic divergences expected in QFT4! (See Appendix B of [176] for details of
the computation of (10.39).)
The next step is to calculate
〈T ii (x)〉 = −limǫ→0
δ
δσ(x)
(Sǫ[g¯]− Sǫ[g¯]ct). (10.40)
However, one must vary the boundary data δg¯ij = 2δσg¯ij while maintaining the fact that
the interior solution corresponds to that variation. Thus one is really carrying out the
diffeomorphism of (10.28) so that δǫ = 2ǫδσ(x). All terms of Sǫ[g¯] are invariant under the
combined change of coordinates and change of shape of the cutoff hypersurface. The first
two terms in Sǫ[g¯]ct are also invariant. There is the explicit variation δ ln ǫ = −2δσ(x) in
the logarithmic counterterm, and this is the only variation since the boundary integral is
124
the difference of the Weyl2 and Euler densities and is invariant. Thus we find the result
(10.36) stated earlier in a strikingly simple way!
The method just described may be applied to the calculation of holographic conformal
anomalies in any even dimension [175, 176]. However for odd dimension the structure of
the near-boundary expansion (10.38) changes. There is no ln ρ term and no logarithmic
counterterm either. Hence no conformal anomaly in agreement with QFT in odd dimension.
10.3 The Holographic c-theorem
The method just discussed can be extended to apply to the Weyl anomalies of the critical
theories at end-points of holographic RG flows. In general we can consider a domain wall
interpolating between the region of an AdSUV with scale LUV and the deep interior of an
AdSIR with scale LIR. The holographic anomalies are
cUV =
π
8G
L3UV cIR =
π
8G
L3IR (10.41)
The first result can be derived by including relevant scalar fields in the previous method,
and latter by applying the method to an entire AdS geometry with scale LIR.
For any bulk domain wall one can consider the following scale-dependent function (and
its radial derivative):
C(r) = π
8G
1
A′3
C ′(r) = π
8G
−3A′′
A′4
(10.42)
We have C ′(r) ≥ 0 as a consequence of the condition A′′ ≤ 0 derived from the domain wall
EOM ’s in Section 9.2. Thus C(r) is an essentially perfect holographic c-function:
1. It decreases monotonically along the flow from UV → IR.
2. It interpolates between the central charges cUV and cIR.
3. If perfect, it would be stationary only if conformal symmetry holds. This is true if
the domain wall is the solution of the first order flow equations discussed in Sec 9.3
and thus true for SUSY flows.
The moral of the story is that the c-theorem for RG flows, which has resisted proof
by field theory methods, is trivial when the theory has a gravity dual since A′′ ≤ 0. See
[179, 190].
Finally, we note that for the mass deformed N =4 theory the ratio ( LIR
LUV
)3 = (WUV
WIR
)3 =
27
32
. Thus the holographic prediction of cIR = aIR agrees with the field theory result in
(10.20)! See [235]
There is much more to be said about the active subject of holographic RG flows and
many interesting papers that deserve study by interested theorists. We hope that the
introduction to the basic ideas contained in these lecture notes will stimulate that study.
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